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INTRODUCTION

1. Relation of the present work to previous researches on map-coloring
and summary of results. The classical unsolved problem with regard to the
coloring of maps is to decide rigorously whether or not four colors always
suffice for the coloring of any map on a sphere(?). This problem has led to two
quite different types of investigation. The characteristics of these two types
may be roughly described as follows:

Type 1. Here the emphasis is qualitative, not quantitative. One is con-
tent to prove that the class of maps under consideration can be colored, with-
out being primarily interested in the number of ways this can be done.
Moreover, since the outstanding problem is the four-color problem, the num-
ber of colors considered is limited to four. Perhaps the most characteristic
method of Type 1 involves the use of the so-called Kempe chains, first intro-
duced by Kempe in an erroneous solution of the four-color problem in 1879
(Kempe [1](%)). The method was revived by Birkhoff in 1912 (cf. Birkhoff
[1]) and led through the efforts of Franklin, Reynolds, Winn and others to
considerable success. Winn has proved, for instance, that every map of not
more than 35 regions can be colored in four colors. Perhaps even more remark-

() For a definition of what is meant by “coloring a map,” cf. §2 below. Other terms used
in this introductory section will also not be defined until later.
(%) Numbers in brackets refer to the bibliography at the end of the paper.
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able is his result to the effect that every map containing at most one region
of more than six sides can be colored in four colors (cf. Franklin [1, 2],
Reynolds [1, 2], and Winn [, 2, 3]).

Type 2. Here the emphasis is quantitative. Moreover no restriction is
made on the number of colors considered. This point of view leads inevitably
to certain polynomials each one of which gives the exact number of ways an
associated map may be colored in any number of colors. The theory of these
so-called “chromatic” polynomials was initiated by Birkhoff in 1912 (Birkhoff
[2]) and has been further developed both by him and by Whitney (Birk-
hoff [3, 4]; Whitney [1, 2]). These researches have not been as successful as
the researches of Type 1 in yielding results that are directly connected with
the four-color problem. It is certain that the greater generality of the problem
here considered has introduced complications which have so far rendered the
solution of the classical four-color problem more remote by the methods char-
acteristic of Type 2 than it is by the methods of Type 1. Nevertheless a
theorem which can be regarded as a weaker form, or a particular case, of a
stronger, or more general, theorem is often harder, rather than easier, to prove
than the stronger theorem. This is particularly true of theorems proved by
mathematical induction, a method especially suited to combinatorial topol-
ogy. In mathematical induction, a strengthening of the conclusion of the theo-
rem means also a strengthening of the inductive hypothesis. When the proper
balance between conclusion and inductive hypothesis has been reached, the
proof goes through; otherwise not.

It is hoped that the more general point of view characteristic of Type 2
may lead to a stronger con]ecture than the four-color conjecture, which may
eventually turn out to be easier to establish. We hazard such a conjecture
in §2, Chapter IV. It is also hoped that the theory of the chromatic polyno-
mials may be developed to the point where advanced analytic function theory
may be profitably applied.

This paper belongs primarily to Type 2. Its primary object is the study
of the chromatic polynomials. Nevertheless, in the later chapters (V and VI)
the most characteristic method of Type 1, namely, that of the Kempe chains,
has been taken over and modified so as to yield quantitative results in any
number of colors. Simultaneously, on the other hand, we have gained by an
alternative method a deeper insight into the nature of the results previously
obtained only by investigations of Type 1 by use of the Kempe chains. This
is true to the extent that we are now able, without using Kempe chains, to
prove the reducibility of the following configurations which are fundamental
in investigations of Type 1:

1. The four-ring (Birkhoff [1, p. 120]).

2. The five-ring surrounding more than a single region (Birkhoff [1, pp.
120-122]).

3. Four pentagons abutting a single boundary(Birkhoff [1, p. 126]).
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‘i. A boundary of a hexagon abutting three pentagons (Franklin [1, p.
229)).

Undoubtedly numerous other similar configurations can be proved to be
reducible by the same methods, which are characteristic of the quantitative
point of view taken by investigations of Type 2. Thus, in accordance with
Franklin (cf. Franklin [1]), it would probably be possible, without the use
of Kempe chains, to prove that any map with fewer than 25 regions can be
colored in four colors. Only one further configuration, reducible by Kempe
chains, is needed to accomplish this result. Thus the present work can to
some extent be regarded as an attempt to bridge the gap between two previ-
ously separated points of view.

The earlier chapters are more exclusively of Type 2. The main results of
the first chapter are Theorems I and II of §4, concerning the formulas for the
reduction(?) of an m-sided region, and their corollary, Theorem 1 of §6, which
is used later in an analysis of the theory of the Kempe chains. The second
chapter contains the outlines and results of a very extensive calculation of
‘numerous chromatic polynomials. The object of this calculation is the collec-
tion of experimental data. It is the basis of our conjecture of Chapter IV,
previously referred to. In Chapters III and IV are proved numerous inequali-
ties satisfied by the coefficients of the chromatic polynomials. Chapter III
also contains a determinant formula for the chromatic polynomials, differ-
ent from, but somewhat similar to, the one given by Birkhoff in 1912 (Birk-
hoff [2]). Both topics treated in Chapter III have close contact with
Whitney’s notable theorem (Whitney [3]) to the effect that under certain
conditions it is possible to draw a simple closed curve passing once and only
once through each region but passing through no vertex.

2. Definitions. The formal definitions here listed deal with very simple
concepts in a terminology which, with a few notable exceptions, is quite con-
ventional. It is therefore suggested that this section be read very rapidly. It
may then later be used for purposes of reference as the need may arise.

The term region will be used to denote a two-dimensional open point set
whose boundary consists of a finite number of analytic arcs and which is
homeomorphic with the interior of a circle, or, more generally, homeomorphic
with any plane bounded connected open set .S whose boundary consists of a
finite number of circles without a common point. In the former case the region
is said to be simply connected. In the latter case the multiplicitv of connectivity
is the number of circles in the complete boundary of S.

The term map is used in a somewhat more general sense than is customary.
We use the term proper map when it is necessary to distinguish the usual
sense of the word from the more general sense, defined as follows: A map is a
collection of regions, finite in number, together with their boundaries, which

() The word “reduction” is here used in quite a different connection from the word “re-
ducible” of the previous paragraphs. Both words will, of course, be explained in the sequel.
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cover just once the entire area of a closed surface. We shall be concerned ex-
clusively with the case when this surface is a sphere or, what is topologically
the same thing, a complete plane closed by the addition of one point at infin-
ity. By a boundary point of the map we mean a point on the boundary of at
least one of the regions of the map. If a map contains at least one boundary
point which lies on the boundary of only one region, the map is called a
pseudo-map. Otherwise, it is called a proper map. In the literature, a pseudo-
map is sometimes referred to as a map with an isthmus. Such a map always
possesses a region which may be described colloquially as touching itself
across a boundary. Sometimes, for the sake of brevity, when no confusion can
result, a proper map will be called simply a map.

It is clear that the set of all boundary points of a map can be regarded
in more than one way as a one-dimensional complex. Those 0-cells of such a
complex which are the end points of three or more 1-cells or of just one 1-cell
are, however, uniquely determined for a given map. They will be termed ver-
tices of the map and also vertices of the regions on whose boundaries they lie.
Those 0-cells which are the end points of just two 1-cells are given no special
name, as they are not uniquely determined for a given map; and indeed the
only reason for introducing them at all is that in certain rather special and
uninteresting cases the configuration would not be a 1-dimensional complex.
We wish, for instance, to avoid the possibility of a 1-cell having both end
points at a single vertex.

The multiplicity of a vertex is defined as the number of 1-cells of which it
is the end point. It is well known that the four-color problem can be reduced
to the case when all vertices are of multiplicity 3. Hence, with one notable
exception, most of our work will be concerned with maps containing only
triple vertices, that is, vertices of multiplicity 3. A vertex of multiplicity 1 is.
called a free vertex. It can occur only in a pseudo-map, but not all pseudo-maps.
contain free vertices.

A maximal connected set of 1-cells and 0-cells which does not include a
vertex constitutes what is called a side or boundary line (or simply a boundary)
of the map and also of the regions on whose complete boundary it may lie.
Itis clear from this definition that the boundary lines are uniquely determined.
by the given map. Moreover, a boundary line is evidently a simple arc exclu--
sive of its end points, which are necessarily vertices, or else it is a simple
closed curve isolated from all other boundary points (if any) of the map.

If two regions share the same boundary line / as parts of their complete:
boundaries, they are said to be contiguous and to have contact with each other
across J. If a boundary line [ is on the complete boundary of only one region,
that region is said to be self-contiguous and to have contact with itself across
the boundary line I. The occurrence of at least one self-contiguous region is,
of course, charactristic of a pseudo-map.

A simply connected non-self-contiguous region having n vertices on its
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boundary is an n-gon or n-sided region. For special values of n we have, of
course, various synonyms. A 3-gon is a triangle; a 4-gon is a quadrilateral;
a 5-gon is a pentagon, and so on.

A complete or partial map is said to be colored if to each region of the com-
plete or partial map there is assigned just one color in such a way that no
region has the same color as any of the colored regions with which it has con-
tact across boundary lines. The famous four-color conjecture is, in our termi-
nology, to the effect that any complete proper map (on a sphere) can be
colored in four colors. A pseudo-map, of course, can never be colored com-
pletely because it always contains at least one region that has contact with
itself across a boundary line.

Let P, be a map of # regions and let P.(\) denote the number of ways
that P, can be colored using some or all of N given colors. Then it is well
known that P,(\) can be written as a polynomial in \, identically zero in the
case of a pseudo-map, but otherwise of the nth degree (cf. Birkhoff [2]).
These polynomials are called ckromatic polynomials. In accordance with the
notation just used, we shall invariable use the same symbol to indicate a
specific map and its associated chromatic polynomial, and the number of re-
gions in the map is usually indicated by a subscript. To give an example of the
use of this notation we may now state the four-color conjecture in the form:
“Km(4) %0, if K,, is any proper map.” One of Winn's theorems is to the effect
that K,.(4) 0, if K,, is any proper map with m =< 335.

A constrained chromatic polynomial means a polynomial which gives the
number of ways a certain associated map can be colored under certain re-
strictions, as for example, that two non-contiguous regions should receive the
same color (or perhaps distinct colors), while perhaps certain other regions
are not to be colored at all. The regions on which these restrictions are placed
will be said to carry the constraints. By way of contrast an ordinary chromatic
polynomial will be occasionally termed a free polynomial. In Chapters V and
VI the constrained polynomials furnish a powerful tool for the investigation
of the free polynomials, the ultimate object of our study.

Two maps P, and P, are said to be ckromatically equivalent to each other,
if P,(\)=P,! (\). Evidently any two pseudo-maps are chromatically equiva-
lent, since in this case both chromatic polynomials are identically zero. In
all other cases of chromatic equivalence it is necessary (but not sufficient)
that n =m, since the degree of the (free) chromatic polynomial is always pre-
cisely the same as the number of regions of the map in the case of a proper
map.

Two maps are said to be topologically equivalent if there exists a homeomor-
phism which carries the regions and boundaries of one map into the regions
and boundaries of the other map. Topological equivalence implies chromatical
equivalence, but we shall meet many examples of chromatically equivalent
proper maps which are not topologically equivalent.
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Two maps are absolutely equivalent if the regions and boundaries of one
map coincide with the regions and boundaries of the other. Two maps are
absolutely, topologically, or chromatically distinct if they are not absolutely,
topologically, or chromatically equivalent.

If two contiguous regions in a map of # regions together with their com-
mon boundary are united to form a single region we obtain a modified map,
which will have either » — 1 regions or » regions, according as the two contigu-
ous regions in the original map were distinct or not distinct. The latter case
can, of course, happen only if the original map was a pseudo-map. The modi-
fied map is called a submap of the original map. Moreover the process may
be repeated; the submap of a submap is also called a submap of the original
map.

This process of forming submaps will be described as the erasure or ob-
literation of boundary lines.

It now begins to be clear why it was desirable to make our definition of a
map so broad as to include pseudo-maps: namely, the submap of a proper
map need not be a proper map. This will always be the case, for instance, if
two regions have contact across two or more boundary lines and only one of
these boundary lines is erased in forming the submap.

The term ring is used in a more general sense than usual, the term proper
ring being reserved for the sense of the word as hitherto used in the literature
on the four color problem. An n-ring consists of a closed curve C (which usu-
ally need not be specified) without double points, which passes successively
through » regions Ry, Rs, - - -, R, but which does not pass through any
vertices. Here R; is contiguous with R;.; (¢ taken modulo #) but the n R’s
need not be distinct and it is not required that R; should have no contact
with R; (j#¢+1). If, however, the R’s are distinct and if there are no contacts
between any nonconsecutive two of them (mod %), the ring is called a proper
n-ring. The inside and outside of the ring refer strictly to the parts of the map
inside and outside of C. The % regions Ry, « + - , R, are said to form the ring.

We shall say that a map is four-color irreducible, or, for brevity, 4c. irre-
ducible, if it can not be colored in four colors, while any proper map with
fewer regions can be so colored. In previous papers 4c. irreducibility was sim-
ply termed irreducibility. Our purpose in adopting the newer term is that in
the future other types of irreducibility will probably play an important role.
In view of our conjecture of §2, Chapter IV, one might, for instance, define
a map P,ys of triple vertices and simply connected regions to be absolutely
irreducible, if the relations,

0= TN g for\ = 4

A= DA —2) ’

do not all hold but corresponding relations do hold for any proper map of
simply connected regions and triple vertices with fewer than n+3 regions.
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A map which is not irreducible (in a particular sense) is said to be reducible
(in the same sense). A configuration of regions is said to be reducible if its
presence in a proper map implies that the map is reducible.

The term reduction formula first introduced in §2, Chapter I, has little to
do with reducibility in the senses discussed above. It is used merely to denote
a fairly general formula which may be used to express a chromatic polyno-
mial associated with a map of # regions in terms of polynomials associated
with maps having fewer than » regions.

A scheme for a set of regions (usually forming a ring) is a rule which divides
the regions of the set into subsets of noncontiguous regions and requires that
all regions of a subset be colored alike but unlike the regions of any other
subset. The constrained polynomials mentioned above usually, though not
invariably, occur in connection with schemes. The word scheme in this tech-
nical sense does not play an essential role until §2 of Chapter V. It should be
mentioned that the word is used in a somewhat different sense in previous
work (cf. Birkhoff [1]).

CHAPTER I. FIRST PRINCIPLES IN THE NUMERICAL AND THEORETICAL
TREATMENT OF CHROMATIC POLYNOMIALS

1. The three fundamental principles. Throughout this chapter, unless the
contrary is clearly indicated, all maps are assumed to have triple vertices
only. All results are still true for more general maps, but this convention
greatly simplifies the statement of most of our essential results.

...........

Pg ,Pu~| P: P:—l Qu
Fic. 1 FiG. 2 FiG. 3 FiG. 4 F1G. 5

A large part of the theory of chromatic polynomials can be based on three
very simple formulas, namely:

1.1 P.(A\) = (A — 2)Poa(N),
(1.2) P.(\) = (N — 3)P.1(N),
(1.3) Pa(\) + Pasi(h) = PiQN) + Pra(N).

In formula (1.1), P, is any map having a 2-gon and P, is the map obtained
by erasing from P, one of the sides of this 2-gon. In the future, we shall need
to use this formula also in the case when one (but not both) of the vertices of
the 2-gon has multiplicity greater than 3, in which case the formula is obvi-
ously still valid. In formula (1.2), P, is any map having a 3-gon and P, is
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the map obtained by erasing from P, one of the sides of this 3-gon. In formula
(1.3), the maps P, P,_1, P.*, P,1* are illustrated in figures 1, 2, 3, 4, respec-
tively. Figure 1 represents any map P, in which we isolate a given boundary b
by drawing a dotted simple closed curve completely around it. Each of the
other figures, 2 to 5, represents the same map appropriately modified within
the dotted curve. The part of the map exterior to the dotted curve is the same
for each of the five maps(%).

The proofs of formulas (1.1) and (1.2) are immediately obvious and are
therefore omitted.

The truth of formula (1.3) also becomes obvious when we note that any
coloration of P, (fig. 1) or of P, (fig. 2) yields a coloration of Q, (fig. 5);
and, conversely, any coloration of Q, corresponds to a coloration of either P,
or P, according as the two colors above and below the quadruple vertex are
distinct or the same. Hence Q,(\) =P.(\) +P,_1(N). Similarly, Q,(\) =P.*(\)
+P%_1(\), and formula (1.3) is proved.

It may be remarked that in a certain sense our three fundamental formu-
las are not independent. Either one of the formulas (1.1) or (1.2) can be de-
duced from the other with the help of (1.3) without using any other funda-
mental principle except the axioms of elementary algebra and the convention
that the chromatic polynomial of a pseudo-map is zero. For the sake of sim-
plicity it seems wise to give no further attention to this aesthetic defect.

It would be extremely cumbersome to maintain a strictly consistent nota-
tion throughout this paper; and, indeed, a definite inconsistency in notation
is already to be noted with respect to formulas (1.1), (1.2), and (1.3), where,
for example, P, does not necessarily refer to the same map in the three cases.
Hence, we shall think of our three formulas as embodying three simple funda-
mental principles, rather than as formulas in which we shall, more or less
blindly, carry out mechanical substitutions. We shall refer to these princi-
ples as Principles (1.1), (1.2), and (1.3) respectively.

2. The quadrilateral reduction formula. From the three fundamental prin-
ciples discussed above we can deduce a number of very important reduction
formulas of which the simplest is the following:

(2.1) PaN) = A = 9PaciN) + (A = 3)Pa2(N) + Pas(V),

which may be applied to any map P, (fig. 6) containing a four-sided region T.
If the sides of T are L, l, I3, 14, in cyclic order, the map P, is formed from
P, by erasing /; (or I3); the map P,_; is formed by erasing both I; and Is;
P,_,is formed by erasing both /, and I,.

) C. N. Reynolds, in an unpublished work, describes the modification of P, (fig. 1) which
yields P:* (fig. 3) as a “twisting of the boundary b.” The map P,_, (fig. 2) is obtained by eras-
ing b from P,, and P;*, (fig. 4) is obtained by erasing & from P}. It is understood, of course, that
sore, or even all, of the maps represented in these five figures may be pseudo-maps.
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In the proof of this “quadrilateral reduction formula,” we need also the

map P,_; obtained by erasing /; (or /i), as well as the maps P} and P}_, indi-

P i . ‘." .’%,.
i !
H
H H H H
H : % H
i i /
LY s \ /
. \
tteeamenee” s”N.....—-" d
P " P: P :—I
Fi1G. 6 FiG. 7 FiG. 8

cated in figures 7 and 8, whereby it is understood that the part of the map
exterior to the dotted curve is the same for each of the three maps P, (fig. 6),
P} (fig. 7), and Pr_, (fig. 8). By Principle (1.3) we evidently have

(2.2) P,(\) = Pa(A) + Pay() — Paca(N),

while from Principles (1.1) and (1.2) we have P,*Q\) =(A—3)P,—1(\) and
P3_i(\) =(A—2)P,2(\). Hence (2.2) becomes

(2.3) Pu(N) = (A = 3)PacsA) = Paca(N) + (A — 2)Pacs(d).

Again using (1.3), we have P,_1(A\) = Po1(\) + P.—2(N) — P._s(\). Substituting
this value of P,_;(\) in (2.3), we obtain the desired formula (2.1).
Similarly, by advancing the subscripts of I, s, ls, L4, we have the formula

(2.9 P,\) = (A — 4)Pn—l()‘) +0- 3)?a~2()‘) + Pa_a(M).

Hence, adding (2.1) and (2.4) and dividing by 2, we get the more symmetrical
formula

A—4
2

first proved by another method in 1930 (cf. Birkhoff [3]; also Birkhoff [4,
pp- 14, 15]). It is evident that formulas (2.1) and (2.5) are almost equiva-
lent, as either one can be derived from the other by applying Principle (1.3).
We shall accordingly call (2.5) the symmetrical form of the quadrilateral re-
duction formula whereas (2.1), or (2.4), will be referred to as the simplest
nonsymmetrical form. Still another nonsymmetrical form is given by (2.3).
This form, however, is not used very much as it has the disadvantage, as
compared with (2.1), of involving two maps of » —1 regions and only one map
of n—2 regions, instead of the other way around. The symmetrical form has
the disadvantage of involving fractions as well as four maps, instead of only
three, on the right-hand side.

(2.5) P.() =

- -2 —
[Pn-l()‘) + Pn—l(x)] + X_E— [Pw—ﬂ()\) + Pu-i()‘)]’
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3. The pentagon reduction formula. Analogous to the results of the pre-
ceding paragraph we have various forms for a pentagon reduction formula.
The simplest nonsymmetrical form is

Pu) = (h = 5)Pas() + (A — 9 [PLa®) + PesV)]

+ Pas(d) + PassQ) + Pas(N),
which may be applied to any map P, (cf. fig. 9) containing a five-sided region
T. Denoting the sides of T by U, by, Is, L, Is in cyclic order, P;_, refers to the

map obtained by erasing J;, while P;_j refers to the map obtained by erasing
l;_yand l; 4. Here the indices are taken modulo S.

@3.1)

P* Ppa
Fic. 10 Fic. 11

In addition to these maps we need, for the proof of (3.1), the maps P}
(fig. 10) and P¥_, (fig. 11), whereby it is understood that the part of the map
exterior to the dotted curve is the same for each of the three maps represented
by figures 9, 10, and 11. By Principle (1.3) we evidently have

(3.2) PaQ)) = PN + Paa() — Paa(M).
But the map P,* (fig. 10) has a four-sided region. Hence the quadrilateral
reduction formula (2.1) can be applied and we get

PI) = (\ = 9PaaN) + (A — 3)Pans(h) + Pha(M).

Also P¥_, (fig. 11) has a three-sided region, so that (1.2) may be applied and

we get P¥_ (\) =(\—3)P:_;(\). Inserting these values of P¥(\) and P¥_,(\)
into (3.2) we have

Pa(d) = (A = )P1i(0) — Pas(d) + (A — 3)P_s(\)

+ (A = 3)Pi_s(\) + Phos(M).

Now it can easily be shown with the help of Principle (1.3) that Pi_,(\)
+Pi_,(\)=P3_,(\)+P:_,(\) together with four other equations obtained
by advancing the indices (modulo 5). It follows that Pi_,(\)=P3i_,(\)
4P s\ —Pi_,(\)+P3_s(\)—P5_;(\). Inserting this value of P:_,(\) into
(3.3) we obtain

3.3)
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Pa) = (A — 5)Paa(N) + (A = 9)Pas) + Pas()) + (A — 4)Pass(N)
+ Prs() + Puss(V),

the required formula (3.1) with the indices advanced one unit (module 5).

The symmetrical form of the pentagon reduction formula is obtained by
adding (3.1) to the four other equalities obtained by advancing the indices
(modulo 5). After dividing by 5, the result is

- 5 — 5
(3.4) P,(\) = 3‘-—-—5[ > P:_l(x)] it [ > P;—z()\)].
5 =1 5 =1

a formula first proved by another method in 1930 (cf. Birkhoff [3, 4], loc. cit.).

(3.1), (3.3) and (3.4) are equivalent in the sense that any two of them can
be derived from the third by use of Principle (1.3). Although (3.3) involves
only five maps on the right-hand side, two of these have »—1 regions. This
fact and the occurrence of a strictly negative term for A2 35 in (3.3) combine
to make (3.3) less useful than (3.1). Hence the expression “simplest” nonsym-
metrical form is used with reference to the latter formula.

4. The m-gon reduction formula. The methods used in deducing the quad-
-rilateral and pentagon reduction formulas will evidently yield an m-gon re-
duction formula. Although the indicated proof of a general formula by com-
plete induction appears to be very complicated and has not yet been explicitly
constructed, the preceding statement is certainly true with regard to any pre-
assigned numerical value of m. The following is an entirely different method
of proof, somewhat reminiscent of the original method used by Birkhoff in
1930 (loc. cit.) for the special cases m =4 and 5. This proof rests on ideas
somewhat more complicated than the three principles of §1.

The symmetrical and nonsymmetrical forms of the m-gon formula are
given respectively by Theorems I and II below:

THEOREM 1. Let T be an m-gon in a map P, of n regions. Let M,_r(\) de-
note the sum of the chromatic polynomials associated with the submaps obtained
by erasing just k boundary lines of T. Then

[m/2]
(4.1) PN = — 2 (B — mIL_(N),

k=1

where [m/2]=m/2 or m/2—1/2 according as m is even or odd.

THEOREM 11. Let the boundaries of T be denoted by ly, by, « - -, Im tn cyclic
order. Let U,_.(\) denote the sum of the chromatic polynomials associated with
the submaps obtained by erasing the boundary l; together with just k—1 other
boundaries of T. Then, with the notation of the previous theorem,

[mi2 [m/2]

) B
(4.2) Pad) = (A —m) 3 Unsk) + 2 (k= DIL_(),

k=1 k=2
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for any positive integral value of < from 1 to m, inclusive.

It may be remarked that not only are formulas (2.1), (2.5), (3.1), and
(3.4) special cases of (4.1) and (4.2) but so also are (1.1) and (1.2), as we
would see by taking m =2 and 3 respectively.

Proof of Theorem I. The symbol p[au, Bi, a2, B2, * - -, s, B.], in which
the o's and f’s are positive integers with a;>as> - - - >a,>0, is of central
importance. Its value is defined as follows: Let p[a1, 81, - - -, as, B:] equal the
number of ways P,—T can be colored (in N colors) so that $3; distinct colors
each occur just a; times in the ring of. regions surrounding T". From this defini-
tion it follows that

4.3) B1+ B2+ - - - + B,=total number of colors occurring in the ring in
each of the colorations here enumerated;

(4.4) aifr+ afs + - -+ + @B = m,

at least if play, By, + - -, @, B.]#0. This shows, in particular, that s is
bounded, say not greater than m. Also @ and $ are obviously bounded.
It is easy to see from (4.3) that

4.5) PaA) =2 D> A—=B1—Bs— - —Bplar, Br -+, an B,

s af

where D, s denotes a sum, for fixed s, over all possible sets of values for
a1, B, - -+, @, Bs. Q. represents a sum over all possible values of s. Also we
see that

(4.6) L(\) = 22 E 2 Biplow B+ oy e ]

where ) ,-x denotes a sum, for fixed s and 3, over all possible values of
ay, B, + + -, &, B, such that a; =k. Multiplying (4.6) by kA —m and summing
over all possible values of k, we have

Yb‘_/ (kx - m)nn—k()\) Z (k)‘ m)z E Z Bt?[al’ ﬂlr MR ¢ 77 ﬁl]

8 =1 ai=k

E T S (e — m)Baplan Bu - -+ s a Bl

8 i=1 ai=k

=X Z 2 2 (BN — mBYplon, B, + -+, o Bi]

8 =1 k ai=k

= E z.: Z (a;ﬁ.-)\ - mBi)P[alv B, as Bc]

s i=1 a,f

=22 > (aiBx — mB)plas, By, =+, au, Bu),

s af i=1
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and this, by (4.4), yields
[m/2]

> (BN — m)a_ix(N)
k=1

(4'7) = Z Z (m)\ - mﬂl - mﬂz — e = mﬁc)?[ah ﬁh Tty Oy ﬂo]‘

s af
The upper limit for the summation over & is [m/2], since the erasure of more
than half of the boundaries Iy, Iy, + -+, Im of T could not possibly yield a
proper submap of P,. In fact, the erasure of more than half the boundaries
of T would involve the erasure of at least two consecutive boundaries and
this would leave a free vertex.
Comparison of (4.7) with (4.5) yields the result that

[m/2]
mP,(\) = Ei (BN — m)IL_x(M).

Division of this last equation by m completes the proof of Theorem I.

Proof of Theorem II. We introduce the map Q. obtained from the origi-
nal map P, by shrinking T to a point in such wise that the m regions in the
ring about T abut on a single m-tuple vertex. Let Q,_;(\) denote the corre-
sponding chromatic polynomial. Then evidently

[k/2] :
(4.8) Q1) = DX Unai()

independently of ¢, inasmuch as Us_:(N) is equal to the number of ways of
coloring @, in such a manner that the region R;, which originally had con-
tact with T across the boundary /;, receives the same color as exactly k—1
of the other regions about the m-tuple vertex. It is also clear from the defini-
tion of U}_;(\) that

(4.9) 3 UL = L),
fu=1

inasmuch as each submap obtained by erasing just k boundaries of T will be
represented just k& times in the sum on the left.

Taking ¢=j in (4.8) and subtracting the result from (4.8) in its original
form, we obtain an equality which we solve for Us_;(\) in terms of the other U’s,

[m/2])
(4.10) Una)) = Usa) + 2 [US0) = UnaaW) ).

By taking k=1, we obtain from (4.9)

o) = 3 050

f=1
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‘Hence, substituting from (4.10), we get
m [m/2]

L)) = mUsaQ) + 3 2 UiV — UnaW].

=1 k=2

Hence, reversing the order of summation and making use of (4.9), we have

[mi2] (m/2]
Ma(N) =m 2, U,._,,()\) 2 Fa—(0).

k=1 k=2

Inserting this value of II,_y(\) into (4.1), we get

[m/2] [m/2] [m/2]
P,(\) = —{o\ m) [mE Una) — ,,22 kn,hk(x)] + Z (BN — m), (N }
Im/2] (m/2] by —m

=0 —m) 2 UL + Z Oa:(A).

k=1

Hence P.(\)=\—m)Y 2 U]_,+> ™2 (k—1)I._x(\). But this is exactly
the formula (4.2) which we desired to prove with 7 replaced by j.

5. On the number of terms in the sums represented by Il,—; and U;_,,
which occur in the m-gon formula. We wish to find the number F(m, k) of
absolutely distinct proper submaps that can be formed by erasing just % of
the m boundaries of the region T in the map P,. For this purpose we assume
that the ring surrounding T is a proper ring. F(m, k) is then evidently inde-
pendent of the part of P, exterior to the ring. It is, in fact, a function of the
integers m and k alone. In order to visualize the problem more clearly, we
note that F(m, k) =the number of ways in which any proper ring of m regions
can be colored in black and white in such wise that no two black regions shall be
in contact (but without regard to whether or not two white regions are in con-
tact) and so that just k regions are colored black.

Let us first consider three consecutive regions 4, B, C in a ring Rm4y of
m--1 regions. The colorations of R4 ennumerated by F(m-+1, k) fall into
just five types according to the way in which 4, B, C are colored. These
types are indicated in the following table:

type A B C number of other black regions in R,y

1 white white white k

black white white

2 k
3 white | white | black k—
4 white | black | white k
S black | white | black k
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If we shrink the region B until it disappears in such a way that 4 and C abut
each other, we get a ring R, of m regions. If in R, we merge the abutting
regions 4 and C into a single region, we get a ring Rn_; of m—1 regions. It
is evident from the above table that every coloration of Rny; in types 1, 2,
or 3 yields just one coloration of R, with k& black regions, and conversely.
Likewise every coloration in types 4 and 5 yields one coloration of R,.—; with
k—1 black regions, and conversely. It follows that

5.1) Fm+ 1, k) =F(m, k) + Fim — 1, k — 1).

The argument which led to this partial difference equation is valid as long
asm =2 and k=0, although the number of colorations in types 2, 3, 4, 5 would
be zero for k=0 and the number in type 5 would also be zero for k=1. Ac-
tually we only need the validity of (5.1) for £=1. We also obviously have

(5.2) F(m, 0) = 1, mz=1,
(5.3) FQEk, &) = 2, k21

It is easy to see that the three equations (5.1), (5.2), and (5.3) determine our
function F(m, k) uniquely for integral values of m and k satisfying m =2k >0.
Hence, we can verify a posteriori that
(5.4 F(m, k) = cp ' — ot
where C? is the coefficient of x? in the expansion of (14-x)?. For, in virtue
of the known properties of the binomial coefficients, particularly the relation
Crt1=(CP+C?_,, itis easy to show that (5.4) satisfies (5.1), (5.2), and (5.3).
We are also interested in finding the number G(m, k) of absolutely distinct
proper submaps to be formed by erasing a preassigned boundary of T to-
gether with just £—1 other boundaries, assuming again that the ring sur-
rounding T is a proper ring. As before, we obtain

Gm+ 1, k) =G(m, k) +Gm — 1, k — 1),

Gim, 1) =1, mz=1,
G(2k, k) =1, k=1
It follows from these three equations that
(5.5) Gm, k) = Cry " = (k/m) F(m, k).

Thus, in the general case in which the ring surrounding T is a proper ring,
the expressions I._x(\) and Ui_y(\) which occur in (4.1) and (4.2) represent
sums of F(m, k) and G(m, k) chromatic polynomials respectively, where F(m, k)
and G(m, k) may be expressed in terms of binomial coefficients as indicated by
(5.4) and (5.5).

6. A general reduction theorem. We now consider a general reduction
theorem of which Theorem II of §4 is an explicit example.
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THEOREM 1. Let R, denote a ring (not necessarily proper) of v regions, of
which p are distinct (u=<v) in a map P, which has o regions on one side (say
exterior) of the ring and 3 regions on the other side (interior), so that a+L+u=mn,
the total number of regions in P,. Let P', P*, - - - denote the various submaps,
of not more than a+u regions each, that can be obtained by erasing boundaries
wholly interior to R,. Then the chromatic polynomial P,(\) associated with P,
can be expressed in the form

6.1) P,(\) = Z-Ai(x)Pio\),

where AY(N), A%(N\), - - - are polynomials in N\ with integral coefficients, which
are entirely independent of the configuration exterior to the ring R,.

Proof. We prove the theorem by induction on 8. The theorem is trivial
if 6=0, because then P,(\) can be regarded as a submap of itself of not more
than a+pu regions and hence we may take P'(\) =P,(\), A'(\) =1, 4A2(\).
=A43\)= - - - =0. We therefore assume inductively that the theorem is
true when B<y—1 (y=1). We shall prove that the theorem must then be
true when §=4.

Since P, has B=+>0 regions interior to the ring R,, there must exist at
least one region T lying wholly within the ring. The proper submaps
Q' Q2 - - - obtained by erasing the various boundaries of T" have the same
configuration exterior to R, that P, has, but, interior to R,, each has at most
v —1 regions. Hence, by our inductive hypothesis and the fact that the sub-
maps of Q¢ must also be submaps of P,, we have

(6.2) Qi(N) = 22 AP, j=1,2-,

where A% (\) is a polynomial in N with integral coefficients independent of
the exterior of R,. On the other hand, we know from Theorem II of §4 that
we can always write an identity of the form
6.3) PN = X LiNQIN),

1
where L'(\), L%*(\), - - - are polynomials in N with integral coefficients (of
degree not greater than 1) depending only on the number, m, of boundaries
of T, and hence wholly independent of the exterior of R,. If, in (6.3), we sub-
stitute for Q7(\) its value given by (6.2), we arrive at an identity of the form
(6.1) with A4 i(\) =D ;A i(N\)Li(\). Since both A% and L7 have integral co-
efficients and are independent of the exterior of R,, the same is true of 4 (\)
and our proof by induction is complete.

It is important to notice for future application that this theorem is also
valid for constrained chromatic polynomials provided only that the constraints
are not carried by any regions completely interior to R,. In such cases, the coeffi-
cients AY(\) are independent of the nature of the constraints.
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Evidently, as already noted, Theorem II of §4 is an explicit example of
the general theorem just proved with »=m and 8=1. We shall pause to give
another nontrivial example with »=6 and $=4, the interior of the ring Rs
consisting of four pentagons (cf. fig. 12). By erasing boundaries inside the

ring we get the submaps topologically equivalent to those indicated in fig-
ure 13. The chromatic polynomial P,(\) associated with the map of figure 12

F1G. 13

is then given in terms of the chromatic polynomials of the submaps by means
of the formula

P.(\) = (ub — 3ud+ 10u? — 168 + 8)A;(\) + (4* — 4u? + 9% — 4)By(\)
+ (u* — 3ud + 9u? — 124 + 5)Ba(A) + (— 42 + 4u — 3)Bs(\)
+ (u® — 442 + 9u — 4)B,(\) + (— 4 + 4u — 3)Bs(\)
+ (ut — 3u® + 9u? — 12u + 5)Be(N)
+ (u® — 6u2+ 11u — 6)Ci(N) + (ut — 2u® + 4u? — 5u+ 2)C.(N)
+ (#* — Su + 2)E:(A) + E:(0) + Es(0)
+ (u* — 3u® + 10u? — 14u + 6)F1(\) + (— 3u® + 64 — 3)F:(\)
+ (— 3u? + 6u — 3)Fs(N),

where #=X—3. The deduction of this formula along the lines indicated in the
proof of Theorem I, or by direct use of the three fundamental principles of

6.4
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§1, is routine but extremely laborious. Hence the actual calculations are
omitted. One reason for taking the trouble of calculating such a formidable
formula in the first place was the following:

It is known from a study of the Kempe chains (cf. Birkhoff [1, p. 126])
that the configuration of four pentagons surrounding a boundary is a 4c. re-
ducible configuration. The question arose as to whether or not the irreducibil-
ity of this, and similar configurations, could be proved also by means of a
reduction formula of the type discussed in Theorem I. The answer is in the
negative. For, if we put A=4 (that is, z=1) in (6.4) we get

(6.5) Pa(4) = 2B1(4) + 2B4(4) — 2Ei(4) + Ex(4) + Es(4),

and the negative term —2FE,;(4) prevents us from concluding that P,(4) is
positive.

Formula (6.5) is, however, not entirely useless; it enables us to prove the
following result, of some interest, perhaps, but of very minor importance:

THEOREM I1. If the map B, (fig. 13) is colorable in four colors, then
(6.6) 2B1(4) + 2B4(4) + Ex(4) + Es(4) > 2Ei(4).

The proof consists in the remark that Birkhoff’s result (loc. cit.), although
not explicitly stated in this way, is to the effect that, if By is colorable in four
colors, then P, is also colorable in four colors, that is, P,(4) >0. Our inequal-
ity (6.6) will then follow at once from (6.5).

In spite of the disappointingly weak results obtainable by formulas of
the type indicated by Theorem I, it will be seen later in Chapter V that the
methods of the present chapter are indeed available for proving many, if
not all, of the results previously proved only by use of the Kempe chain
theory. This is done by considering not only the free chromatic polynomials
but the constrained chromatic polynomials as well.

7. The reduction of the 2- and 3-rings. We close this chapter by recording
two obvious formulas (cf. Birkhoff [4]) for the reduction of the 2-ring and
3-ring. They are

Pa(N) - Ps(N)

(7.1) P,.()\)=—)‘—(;‘—:—ﬁ-—: a+B—2=n,

for the 2-ring, and
Pa()‘) ‘Pﬂ(k)
= ’
AMA—1)(A — 2)
for the 3-ring. In either case P, is the map obtained by shrinking to a point
the part of the map P, which lies on one side of the ring, while Pg is formed

likewise by shrinking to a point the other side of the map. These formulas
may be regarded as generalizations of (1.1) and (1.2).

(7.2) P.(\)

at+p—3=mn,
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These reduction formulas are very simple because all the regions forming
a 2-ring or a 3-ring are in mutual contact with each other and hence their
colors must be mutually distinct. Therefore, to match any coloration of P,
with a given coloration of Pj it is only necessary to permute the colors of P,.
This is, of course, not true for the m-ring (m =4). Hence the analogue of
(7.1) and (7.2) for even the 4-ring is much more complicated. We have suc-
ceeded (cf. chapters V and VI) in obtaining these analogues for both the
4-ring and the 5-ring, but not for the m-ring—neither for the general case
nor for any explicit value of m = 6. If we were in possession of the completely
general formula, the four-color problem could probably be considered sub-
stantially on the way toward solution.

CHAPTER II. THE EXPLICIT COMPUTATION OF CHROMATIC POLYNOMIALS

1. Preliminary remarks and explanation of the method of computation. It
seemed desirable to have on hand a fairly large assortment of chromatic poly-
nomials in the hope that they might give some insight into the general theory.
Unfortunately, except for a few special cases, the explicit computation of
these polynomials is very involved for maps with a fairly large number of
regions. The computation may be somewhat simplified by introducing the
following.

u=\-—23,
P.(\)
AMA=DA—-2)A=13)

Now P,(0) =P,(1) =P,(2) =0 for any map containing at least one (triple)
vertex and P,.(3) =6, or 0, according as the map (all of whose vertices are
assumed to be triple) does, or does not, consist entirely of even-sided regions
(Heawood [1]). Ordinarily, then, when the map contains at least one odd-
sided region, P,(\) is divisible by AA—1)(A—2)(A—3) and hence Q.() is a
polynomial in % of degree n—4. In the relatively few cases when the map
contains no odd-sided region, Q.(x) is a polynomial in u of degree n—4 plus
a term u~!. In either case, we shall call Q.(#) the Q polynomial of the map
P, (n=4).

If we transform the fundamental formulas (1.1), (1.2), (1.3), (2.1), (3.1),
(7.1), and (7.2) of Chapter I so that they are expressed in terms of % and the Q
polynomials, we get

(1.1) 0n() = (u + 1)Quos(w),
(1.2) () = uQua(u),

(1.3)  Qu() +Ona(®) = Go(n) + Gra(w),

On(w) =

(1.4) On(#) = (4 — 1)Qu_1(4) + uQu_2(2) + Qns(u),
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0n(®) = (4 — 2)Qn_1() + (1 — 1) [Cra(®) + Qnoa() ] + Q)

(1.5) 3 4

+ Qn—2(%) + Qn—2(u),
(1.6) On(%) = u(u + 1)Qa(u)Qs(u), at+B—2=mn,
(1.7) Qn(u) = uQa(1)Qs(u), a+B—3=n.

The interpretation of these formulas is obvious from §§1, 2, 3, 7 of the previ-
ous chapter.

In virtue of (1.1), (1.2), (1.6), and (1.7), the Q polynomial of any map
containing a proper 2-ring or 3-ring is easily expressed in factored form in
terms of one or two Q polynomials of maps with fewer regions. Hence the
only maps whose Q polynomials we list in the table of the next section are
those maps (having only triple vertices) which contain no proper 2-rings and
no proper 3-rings. Maps of this type are called regular maps.

For purposes of classification and reference, it has been found convenient
to associate with each regular map a symbol (n;a, b, ¢, + - - ), where

n=the total number of regions in the map,

a =the number of four-sided regions in the map,

b =the number of five-sided regions in the map,

¢=the number of six-sided regions in the map,
and so on. It has been our experience that (for n <16, at least) there are very
few topologically distinct maps associated with the same symbol; in many
cases, only one. In the cases where there are more than one map associated
with the same symbol, the two (or more) maps are easily distinguishable by
some easily described topological property. For example, we have two maps
associated with the symbol (16; 0, 12, 4), but they are easily distinguished
from each other as follows: One of them has four isolated hexagons. The other
has two pairs of hexagons, each hexagon of a pair in contact with the other
hexagon of the same pair; but the two pairs are isolated from each other.

According to Briickner(®), our list of regular maps is complete up to and’
including »=10. We know, therefore, that our symbol and accompanying
topological description characterize our maps uniquely for » <10. Hence it
is not necessary to provide further information for these maps.

For n>10, we can not tell (without going through an enormous amount
of work) whether or not the map in any given case is uniquely described.
Hence it seems necessary to provide a “contact” symbol for the unique char-
acterization of each map listed with more than 10 regions. A contact symbol
for a regular map of » regions is a set of 3n—6 pairs of letters enclosed in
brackets. If the symbol contains the pair xy, it means that region « is in con-
tact with region y; otherwise region x is not in contact with region y. With the

() Max Briickner, Vielecke und Vielflache, Teubner, Leipzig, 1900. Cf. also Reynolds
[3]. There are a total of 21 maps given by Briickner as having no 2-sided or 3-sided regions.
Three of these have proper 3-rings; eighteen are listed in our table.
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help of this symbol it will be possible for the reader to reconstruct a figure
representing each map.

In order to facilitate the work of reconstruction, the letters paired with
the particular letter @ will be given in the same cyclic order in which the cor-
responding regions surround the region a. Thus the first seven pairs in the
contact symbol [ab, ac, ad, ae, af, ag, ah, be, bj, bi, bk, cd, cj, de, dj, ef, ek, éj,
fg, fi, fk, gh, gi, ki, ij, ik, jk] indicate that the region a is surrounded by the
ring consisting of regions b, ¢, d, ¢, f, g, k, in exactly this cyclic order, so that
the further presence of the pairs b, cd, de, ef, fg, gh, hb is to a certain extent
redundant.

The number of sides possessed by a given region is, of course, equal to
the number of times the corresponding letter occurs in the symbol. Thus the
regions b, ¢, d, e, f, g, k (in the example just given) are easily seen to have
5, 4,4,5,5, 4, 4 sides respectively. In this particular case this is all the in-
formation the reader will need to know in order to reconstruct the map, al-
though the symbol contains much confirmatory further information.

In a systematic calculation of a table, which is to be reasonably complete
up to a certain value of #, it is desirable to make the table as complete as
possible for #n <p before starting with #=p-+1. Otherwise it is necessary to
keep going back to fill in gaps for smaller values of n.

A good illustration of our method will be presented, if we give a complete
computation for the chromatic polynomial of the dodekahedron, (12; 0, 12),
assuming that the chromatic polynomials for all regular maps of 10 or fewer
regions are already known. As a matter of fact it is not necessary to carry
the calculation through all of these (of which there are 18) but only a com-
paratively few (about 7).

Pu Py P9
Fic. 14

Let Qu(#) be the chromatic polynomial for the map (12; 0, 12), divided
by AA—1)(A—2)(A\—3). Then applying the formula (1.5) to one of the five-
sided regions of the dodekahedron, we find that

(1.8) Q%) = (u — 2)Qu(w) + (2% + 1)Q10(w),

where Qy refers to the map Py, of figure 14 and Qy refers to the map Py of
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figure 14. Now Py has a three-sided region (shaded in the figure). Hence, this
map is not listed in our table. We can, however, apply formula (1.2). This
gives

(1.9) Qro(%) = uQs(n),

where Q refers to the map Py of the figure. Py has the symbol (9; 4, 4, 1)

and hence we find from our table that Qy=u%+0ut+543—2u2+4u-+1. Sub-
stituting this value for Qy in (1.9) we find

(1.10) Q10(%) = 8 + Oub + 5ut — 20 + u? + u.

We next go back to Py. This map has the symbol (11; 2, 8, 1). Moreover, if
suitable letters are assigned to its regions (as shown, for example, in figure 14),
its contact symbol is readily seen to be the same as that given in the table in
connection with (11; 2, 8, 1). Hence our required polynomial, Qi (%), is also
found in our table in connection with (11; 2, 8, 1). We are not, however, for

FiG. 15

the purposes of our present example supposing that Qy is known. Instead we
apply (1.4) to one of the four-sided regions of Py. We thus find that

(1.11) Qu(w) = (4 — 1)Tro(w) + uDs(x) + Q3(w),
where Qyo refers to the map (10; 3, 6, 1) and hence by our table is given by
(1.12) O10(%) = u8 4+ 0ub + 6ut — 7Tud + 6u2 + u — 1,

while Q and Qf refer to the maps P, and P§ of figure 15. Neither of these two
maps is regular. They contain the shaded three-sided regions, which can be
reduced by formula (1.2). We thus find that Qp(%) =%2Q;(x) and Qf =uQs(%),
where Q; refers to the map (7; 5, 2) and hence is equal to #3+40u?+3u-+1,
while Qs refers to the map (8; 4, 4) and hence is equal to #*+0u3+4u2—u—1.
It follows that '

(1.13) Qo(#) = b + Out + 3ud + u?, Qo(u) = u® + Out 4 4u® — u® — u.

Substituting the values of Q1, 05, O, as given by (1.12) and (1.13), in (1.11),
we find that
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(1.14)  Qu(w) = u” + 0u’ + 7u® — 10u* 4 18u® — 6u% — 3u + 1.

Finally substituting the values of Q5 and Qu as given by (1.10) and (1.14)
in the equation (1.8), we find that

(1.15)  Qua(w) = u® + 0w + 8ud — 14u5 + 39ut — 42u% + 12u® + 8u — 2.

Anybody wishing to verify this result from the ground up would have to con-
firm the chromatic polynomials for the following regular maps: (7; 5, 2),
(8; 4, 4), (9;4,4,1), (10; 3, 6, 1). Using the same method as that explained
above, he would not have a difficult task. Also, it may be noted that (1.15)
can be checked in various ways. The dodekahedron possesses a proper 6-ring
of such a type that formula (6.4) of Chapter I can be used. Other formulas
of this type could also be used for checking purposes. So can formula (1.3).

The polynomial (1.15) was first given by Whitney written in powers of A
(cf. Whitney [2, p. 718]). Whitney’s method of computation was not pub-
lished, though it was made available to the present authors. It was entirely
different from the method explained above. So far as is known, this is the
only previous case in which a nontrivial chromatic polynomial has been ex-
plicitly calculated, certainly the only case published. One reason for this is
that most of the coefficients of the powers of A in the chromatic polynomials
are numerically very large for nontrivial maps. This is apt to cause an ex-
cessive amount of numerical calculation. This difficulty has been avoided in
the present work by writing the polynomials in powers of A\—3 (=u).

2. Table of chromatic polynomials (divided by A\A—1)(A—2)(A—3)) for
regular maps.

(6; 6) Qe=u*+0u+24u"1

(7:;5,2) u3+0u?+3u+-1.

(8;4,4) wt+0ud+4ut—u—1,

8;6,0,2) ut+0ud+4u2+3u+3+ut

(9; 3, 6) 45+ 0w+ 548 — Su+-0u+1.

9;4,4,1) uS+0ut+5u —2u24+u+1.

9;5, 2, 2) w5+ 0ut+ 513+ 0u42u+1.

9;7,0,0, 2) w5+ 0ut+Sud+ 602+ Tu+2.

(10; 2, 8) ub 4+ 0us+ 6u* — 8134 8u?+2u—1.

(10; 3, 6, 1) w8+ 005 +6ut — Tud+6u24u—1.

(10; 4, 4, 2) sixes(®) separate, fives in two mutually separated pairs,
8+ 025 4 6ut— 213+ 642+ 3u+-0.

(10; 4, 4, 2) sixes separate, fives connected,
u8+0ud 4614 — Sud+4u2+0u —1.

(10; 4, 4, 2) sixes connected, fives connected,

w8+ 0us 4 6ut — 3ud+6u2+4+3u+0.

(¢) Here and in the sequel the words “four,” “five,” “six,” and so on, are used as abbrevia-
tions for four-sided, five-sided, six-sided, and so on, regions.
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(11; 3,6, 2)

(11; 4, 4, 3)

(11; 4,4, 3)

(1154, 4, 3)

(11;4,5,1, 1)

(11;4,5,1,1)

(11;5, 2, 4)
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(11;6,0, 5)
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%84 015+ 6u* — 213+ 61?4 3u+0.
uS+0us+6ut—ud4-3u?—u—1.
uS+0ud+6ut+ul4-8u+Tu+44ut.
uS+0us+6ut+2ud+4u—u—1.
us+0us+6ut+ 1002+ 1402+ 8u+4 4+ uL.

[ad, ac, ad, ae, af, ag, be, bh, bg, cd, cj, ch, de, dk, dj, ef,
ek, fg, fi, fk, gh, gi, hi, hj, ki, kj, ij]
u+0ub+Tu’ — 1004+ 1848 — 612 —3u+1.

fours isolated [ab, ac, ad, ae, af, ag, be, bk, bg, cd, ck,
ch, de, dk, ¢f, ¢j, ek, fg, fi, fi, gh, gi, hk, kj, ki, kj, 4j]
u'+0us 4+ 7ud —9ut 41443 — Su? —2u+1.

pair of fours in contact [ab, ac, ad, ae, af, ag, bc, bi, bh,
bg.] cd, ck, ci, de, dk, ef, ek, fg, fi, fk, gh, gj, ki, hj, ik, 1],
jk

U+ 0ub4+7u5 —8ut+13u3 —3u2—u+1.

sixes connected ; one single 4 surrounded by 5556; other
single 4 surrounded by 5566 [ab, ac, ad, ae, af, ag, be, bj,
bi, bh, bg, cd, cj, de, dj, ¢f, ek, ei, ej, fg, fk, gh, gk, hi,
hk, ki, ij ]

u"+0ub -+ 7ub — 6ut+12u% — 2u? — 3u+0.

sixes connected; each single 4 surrounded by 5566 [ab,
ac, ad, ae, af, ag, be, bh, bg, cd, cj, ci, ch, de, dj, ¢f, ek, ej,
fe, fk, gh, gi, gk, ki, ij, ik, kj]

u" 4 0usb 4 7ud — Tut+ 1413+ 0u24-0u +1.

sixes disconnected [ab, ac, ad, ae, af, ag, bc, bk, bg, cd,
ci, ch, de, di, ef, ek, ej, ei, fg, fk, gh, gk, ki, hj, hk, ij, jk]
w4 0ub+7us —8ut413u3 —3u2—u+1.

six and seven separate [ab, ac, ad, ae, af, ag, ah, be, bj,
bi,]bh, cd, ¢j, de, dk, dj, ef, ek, fg, fk, gh, gi, gk, ki, ij, ik,
jk

u'+0ul47us — Tut+8ud —Sut—u+1.

six and seven in contact [ab, ac, ad, ae, af, ag, ah, b, bk,
bj,]bh, cd, ck, de, dk, ef, ei, ej, ek, fg, fi, gk, gi, ki, hi, 17,
jk

u"+0ub 476’ —4ut+ 11434+ 0u? —2u+0.

lab, ac, ad, ae, af, ag, be, bh, bg, cd, cj, ci, ck, de, dk, dj,
ef, ek, fg, fi, fk, gh, g, gj, i, ij, jk]

w7+ 0us+7Tud —ut 412234 6u2+3u+1.

[ab, ac, ad, ae, af, ag, ah, bc, bj, bi, bh, cd, cj, de, dj, €f,
ek, ej, fg, fi, fk, gh, gi, hi, ki, kj, ij]

u'+0us 4 Tub — Sut+7ud — 3u2+0u+1.

[ad, ac, ad, ae af, ag, be, bj, bi, bh, bg, cd, cj, de, dk, di,
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dj, ¢f, ek, fg, fh, fi, fk, gh, hi, ij, ik]

w4+ 0us 4 7ud — 3ut 4+ 14143 4-8u2+ Tu+5S+u—L.

[ad, ac, ad, ae, af, ag, ak, be, bi, bh, cd, ci, de, dk, dj, di,
e, ek, fg, fk, gh, gi, gj, gk, hi, ij, jk]

w4+ 0us 4+ 7Tub —ut 412134 6u2+3u+1.

[ab, ac, ad, ae, af, ag, ah, ai, be, bk, bj, bi, cd, ck, de, dk,
of, ek, 2, £, fk, gh, g, bi, hj, i, 7k

uT4+0ub 4+ 7Tus 4 0ut 4 Sud — 2u24u+1.

[ab, ac, ad, ae, of, ag, ah, ai, be, bj, bi, cd, ck, cj, de, dk,
ef, ek, fg, fk, gh, gk, ki, hj, hk, ij, jk]

w4+ 0us+ Tus 4wt 4+ Sud—2u2+u-+1.

[ad, ac, ad, ae, af, ag, ah, ai, be, bj, bi, cd, ck, cj, de, dk,
ef, ek, fg, ik, gh, gk, ki, kk, ij, ik, jk]

u"+0us 4 Tus 4 5ut+48ud+u2+2u+1.

[ab, ac, ad, ae, of, ag, ak, ai, aj, be, cd, de, ef, fg, gh, ki,
ij, jb, bk, ck, dk, ek, fk, gk, hk, ik, jk]

w4+ 0us+7Tub4+15u4 4+ 2543 4+2102+13u+ 3.

[ad, ac, ad, ae, af, be, bh, bg, bf, cd, ci, ch, de, dj, di, ef,
ek, ¢j, fg, fk, gh, gl, gk, hi, hl, 4j, il, jk, jl, kL]
u8+0u"+8us — 141543904 — 4243+ 1242 4 8u — 2.

sixes in contact [ab, ac, ad, ae, af, ag, be, bj, bi, bk, bg, cd,
¢j, de, dk, dj, ef, el, ek, fg, fh, fl, gh, hi, hl, ij, ik, 1, jk, k1]
ud+0u"+8u8— 1215+ 310t — 25434 Su+5Su—1.
sixes separate [ab, ac, ad, ae, af, ag, bc, bj, bi, bg, cd, ck,
¢j, de, dl, dk, ef, ek, el, fg, fh, gi, gh, i), 4, ik, jk, jl, ki, Ik ]
u3+0u"+8u8 — 1205+ 2704 — 25u% 4 3u?+4u—1.

sixes disconnected, but not mutually isolated [ad, ac,
ad, ae, of, ag, be, bi, bh, bg, cd, ¢j, ci, de, dk, dj, ef, ek,
fg, fl, fk, gh, gl, Ik, Ik, hi, hj, hk, ij, jk]

u3+0u"+8us —11u8+25u* — 19434+ 3u2 4 3u —1.

sixes mutually isolated [ab, ac, ad, ae, af, ag, b, bi, bh,
bg, cd, ci, de, dl, di, ef, ek, €l, fg, fk, gh, gk, ki, kj, hk, il,
ij, 71, jk, Ik}

w8+ 0u"+ 848 — 1125+ 30u4 — 1543 4+-9u%+4-Su —1.

sixes connected [ab, ac, ad, ae, af, ag, be, bi, bk, bg, cd,
cl, ck, ci, de, dl, ef, €l, fg, fi, fk, fl, gk, gj, ki, hj, ik, ij,
jk, k1]

u3+ 0074848 —9us 4211t — 1643 — 242+ 3u+0.

fours mutually isolated [ab, ac, ad, ae, af, ag, ah, bc, bk,
bj, bh, cd, ck, de, di, dk, ef, el, fg, fi, fi, gh, gi, ki, hi, Ii,
1, Ik, 34, 7k ]
ud+0u"+8ub— 1115+ 2104 — 1843+ 4024 3u—1.



1946]

(12;3,7,1,1)

(12; 4, 4, 4)

(12;4,5,2,1)

(12;4,6,1,0,1)

(12;5,2,5)

(1255, 3,3, 1)
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(12;6,4,0,0, 2)

(12; 6, 4,0, 0, 2)

(12; 6,4, 0, 0, 2)
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. fours not mutually isolated [ab, ac, ad, ae, af, ag, ah, b,

bi, bk, cd, cj, ci, de, dk, dj, ¢f, ek, fg, fl, fk, gh, gi, gl, hi
ij, i1, jl, jk, lk]

u84+0u”+48u8 —10u5+23u4 — 1243+ 6u2+3u—1.

[ad, ac, ad, ae, af, ag, be, bj, bi, bh, bg, cd, ck, ¢j, de, dk,
ef, el, ei, ek, fg, fl, gh, gl, hi, ki, ij, ik, il, jk]
u8+0u"+48ub —9ub+21ut — 1613 —2u2+43u+0.

[ad, ac, ad, ae, af, ag, ah, be, bi, bh, cd, cj, ck, ci, de, dj,
ef, el, ej, fg, fl, gh, gi, gk, gl, ki, ik, kj, kl, Ij]
u840u"48ut — 8us+21ut — 1143+ 0u2+3u+4-0.

[ab, ac, ad, ae, af, ag, ah, al, be, bk, bj, bl, cd, ck, de, dk,
ef, ¢j, ek, fg, fi, fi, gh, gi, B, hi, I, Ij, jk, ij )
u34+0u"48u8 —4u5+13u* — Sud+u2+2u4+0.

[ab, ac, ad, ae, af, ag, be, bh, by, cd, cj, ci, ch, de, dj, ¢f,
el, ek, ej, fg, fl, gh, gi, gl, ih, i, ik, 41, kj, ki)

u84+0u” 4 8ué — 8us+24ut — 543+ 7Tu24Su+0.

[ad, ac, ad, ae, af, ag, ah, be, bj, bi, bk, cd, cj, de, dj, ef,
el, ek, ¢j, fg, fl, gh, gl, i, hi, ij, ik, il, kj, kl]
u3+0u"48us — Tub 42204 — 4+ 9u2+Su+0.

[ad, ac, ad, ae, af, ag, ah, be, bl, bk, bj, bi, bk, cd, cl, de,
dk, dl, ef, ej, ek, fg, fi, gh, gi, gj, hi, kL, kj, ij]
u8+0u7+48ub —4us+16ut —S5u3 —2u?+4u-+0.

[ab, ac, ad, ae, of, ag, ah, ai, be, bj, bk, bl, bi, cd, cj, « .,
dj, ef, ek, ¢j, fg, fk, gh, gl, gk, hi, hl, il, kj, kl]
u8+0u7+48ub —4uS+13u— Sud+u242u+0.

[ad, ac, ad, ae, af, ag, ah, ai, be, bj, bi, de, cj, de, dk, dj,
ef, ek, fg, fl, fk, gh, gl, ki, kj, ki, ij, 5k, jl, ki]

#8400+ 8ub — 615 +9ut — Tud+Su2+u—1.

[ab, ac, ad, ae, af, ag, be, bl, bk, bj, bg, cd, cl, de, dj, dk,
¢f, eh, ei, ¢j, fg, fh, gj, gi, gh, jk, 4, kl, hi, dl]
#8400+ 8us+0us 4194+ 1323+ 1702+ 120+ 5441,
fives connected [ab, ac, ad, ae, of, ag, akh, ai, be, bj, bi,
cdj d, cj, de, dl, ef, ek, el, fg, fi, fk, gh, gj, hi, ki, i, jl, jk,
kl

u84+0u’+48us —2us+ Tut —4ud+4u2+4+0u —1.

fives disconnected; one pair of adjacent fives [ab, ac,
ad, ae, af, ag, ah, ai, ib, be, cd, de, ef, fg, gh, ki, jk, cj,
dj, ej, kl, ki, kb, kc, ke, kf, fl, gl, hl, hk]

w34 0u"+8ul +u5+9ut — 242+ 3u2+2u +0.

fives mutually isolated [ab, ac, ad, ae, af, ag, ah, ai, ib,
be, cd, de, ¢f, fg, gh, ki, ij, jc, jb, kg, kh, ki, kj, ke, kd, ke,
kl, fl, gl el]

184007+ 8ub+us+9ut — 2ud+4 3u2+2u+0.
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[ad, ac, ad, ae, af, ag, ah, ai, ib, be, cd, de, ef, fg, gh, ki,
7k, kL, f1, gi, ki, 1], bj, bk, fk, fl, bl, cl, dl, el]
u8+0u’+8ub 4025+ 1924+ 1322+ 17024+ 124454 u1.
[ad, ac, ad, ae, of, ag, ah, ai, ib, be, cd, de, ef, fg, gh, ki,
jk, kl, hE, ik, bk, ck, dk, fk, dj, fj, je, fl, gl, hi]

w8+ 0u7+ 84 +ub+9ut — 2ud+3u+2u4-0.

[ab, ac, ad, ae, af, ag, ah, ai, ib, be, cd, de, ef, fg, gh, ki,
kb, ke, kd, ke, kf, kg, kh, kj, bj, ki, i1, bl, jl, ki)
u8+4+0u"+8ub+6u°+18u4418u3+22u2+4+13u+5+u"1.
[ab, ac, ad, ae, af, ag, ah, ai, aj, ij, jb, be, cd, de, ef, fg,
gh, hi, kl, ki, kj, bk, bl, cl, dl, el, fl, gl, hl, il]
u8+40u7+8u8+9ub+15ut+ 713+ Sut —u—1.

(12;10,0,0,0,0,0,2) [ab, ac, ad, ae, af, ag, ah, ai, aj, ak, be, cd, de, ef, fg, gh,

(13; 1, 10, 2)

(13;2, 8, 3)

(13; 2, 8, 3)

(13;2,9,1, 1)

(13;3,7, 2, 1)

(13;3,7,2,1)

(13;3,7,2,1)

(13;4,6,1, 2)

ki, i, jk, kb, Ib, lc, 1d, le, If, lg, Ih, Is, 1j, Ik]
ud+0u"+8ub+21u5+ 4104+ 4543+ 35u2+ 150+ 5441,
[ab, ac, ad, ae, af, ag, be, bh, bg, cd, ci, ch, de, dj, di, ef,
ek, ejj fe, fl, fk, gh, gl, hm, mi, mj, mk, ml, ij, jk, ki,
hl, b1

w4+ 0ud+9u" — 1548 +48u5 — 65ut+49u® — 6u?—9u+2.
sixes connected [abd, ac, ad, ae, af, ag, bc, bl, bk, bg, cd, cl,
de, dh, dm, dl, ef, ei, eh, fg, fi, gk, gj, g, ij, th, Im, Ik,
km, kj, hj, mj, mh ]

u94-0u8+927 — 141844205 — 530t +37Tud+2u? — 6u+1.
sixes disconnected [ab, ac, ad, ae, af, ag, bc, bi, bh, bg,
cd, ¢j, ci, de, dk, dj, ef, ek, fg, fl, fk, gh, gm, gl, Ik, kj,
i, Im, km, ki, mi, mj, ij
w+0ud+9u"—14u8+37u — 51ut+ 293 +u?—Su--1.
[ad, ac, ad, ae, of, ag, ah, ki, kb, hg, gi, gf, gm, fm, fe, fI,
ed, el, dc, dl, El, dk, be, ck, cj, bi, bj, ij, mj, mi, mk, Im, jk]
1+ 0ud+9u" —14u8+36u° — 4644+ 3113+ u?—Su+-1.
has a 6-6-7 open chain [ab, ac, ad, ae, af, ag, ah, b, bi,
bh, cd, cl, cm, ci, de, dl, ¢f, ek, €l, fg, fi, fk, gh, g1, gj, hi,
im, ij, Im, km, jm, ki, jk|
ud40u84+9%7 — 12284 38u5 — 3504 +23u% — u2 —4u+1.
has a 6-7-6 open chain [ab, ac, ad, ae, af, ag, ah, bc, bi,
bh, cd, cj, ci, de, dm, dl, dj, ef, em, fg, fm, gh, gk, gl, gm,
hi, kE, Im, kI, jl, jk, ki, 17 ]

2940084927 — 1148+ 3315 — 33u4 + 1843+ 61— 3u+0.
fours mutually isolated [ab, ac, ad, ae, af, ag, ah, bc, bi,
bh, cd, cj, ci, de, dk, dj, ef, ek, fg, fm, fi, fk, gh, gm, hi,
hm, U, 1, Ik, Im, ms, 1j, jk]

1?4+ 0u8+9u" — 13u8 370 —41ut+ 2542 — 242 —Su+1.
[ab, ac, ad, ae, af, ag, ah, be, bi, bm, bh, cd, ci, de, dj, di,
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ij, ik, il, im, ef, ek, €j, fg, fk, gh, gl, gk, jk, ki, lm, hm, hi]
u?+0ud4+9u” — 1208+ 2745 — 30ut 41743 — 2u2 — 3u+1.
sixes isolated from the eight [ab, ac, ad, ae, of, ag, ak, ai,
jk, jl, kL, km, Im, be, cd, de, ¢f, fg, gh, hi, 1b, bk, bj, ¢j, dj,
¢j, el, fl, fm, gm, hm, im, ik]
u®+0ud+9u" — 100 +2924° — 1504 + 2143 +0u? —2u+1.
both sixes in contact with the eight [ab, ac, ad, ae, af,
ag, ah, ai, be, cd, de, ef, fg, gh, hi, ib, jk, kI, Im, bk, bl,
bm, cm, dm, em, el, fl, fk, fi, gi, hj, 1j, ik]
u®+0ud+9u” — 6us+ 2445 — 15041+ 6u3+ 612+ 0u+0.
eight and seven in contact [abd, ac, ad, ae, af, ag, ak, ai,
be, cd, de, ef, fg, gh, hi, b, jk, kl, Im, bj, bk, bl, bm, cm,
dm, em, el, fl, fk, gk, gi, hj, 1j ]
u®+0ud4+9u” — 6us+24u5 — 15044+ 643+ 612+ 0 +0.
eight and seven separate [ab, ac, ad, ae, af, ag, ah, ai,
be, cd, de, ef, fg, gh, hi, 1b, jk, jl, jm, kl, Im, bj, cj, ck, dk,
ek, el, fl, fm, gm, hm, kj, ij |
u*+0ud+9u" — 1108+ 2245 — 2104+ 164 — 442 — 3u+1.
[ad, ac, ad, ae, af, ag, be, bj, bi, bh, bg, cd, c¢j, de, el, dk,
dj, ef, el, fg, fh, 1, gh, hi, ij, jk, kl, th, km, im, jm, km, Im
1940284907 — 114843945 — 28ut 42513 +4u2 —2u+1.
lab, ac, ad, ae, af, ag, ah, ai aj, be, cd, de, ¢f, fg, gh, hi,
1j, b, kL, Im, b, cl, cm, dm, em, fm, fl, gl, gk, hk, ik, jk, ji]
u®+0ut+9u" — 3us+ 1415 — Tu* 4 6u® — u? — 2u 0.
[ad, ac, ad, ae, of, ag, be, cd, de, ef, fg, gb, bh, ch, ci, di,
dj, ¢j, ek, fk, fl, gl, gm, bm, ki, ij, jk, kI, Im, mh, in, jn,
kn, In, mn, hn]
u0+0u®+ 1028 — 1847+ 641 — 118454 160u* — 89u3
—3u?+416u—3.
lad, ac, ad, ae, af, ag, bh, bi, ci, cj, dj, dk, ek, el, fl, fm, gm,
gh, bc, cd, de, ef, fg, bg, hi, ij, jk, kl, Im, mh, jl, hn, in,
jn, In, mn)
1040u®+10u® — 1747+ 60u® — 10545 41261t — 64u3
—5u4+12u—2,
fours disconnected [ab, ac, ad, ae, af, ag, be, cd, de, ef,
feg, gb, bh, ch, ci, cj, dj, dk, ek, el, fl, fm, gm, gh, hi, ij,
jk, kb, lm, mh, in, jn, kn, In, mn, hn]
u04-0u® 41088 — 164"+ 6028 — 94254 113ut — 4943
—2u2+10u—2.
fours connected [ak, ai, aj, ak, am, an, ki, ij, jk, km,
mn, nh, gm, gn, gk, gh, bg, bk, ch, ci, di, dj, ¢j, ek, fk,
fg, be, cd, de, ef, fb, Ib, Ic, d, le, If ]
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(14;2,9,2,1)

(14; 2,9, 2, 1)

(14: 2,9, 2, 1)

(14; 2, 10, 0, 2)

(14; 3,7, 3, 1)

(14;3, 7,3, 1)

(14;3,8,2,0, 1)

(14; 3,9,0, 1, 1)

G. D. BIRKHOFF AND D. C. LEWIS [November

21040041008 — 1547+ 58u8 — 85ub +97ut — 38ud
—Tu*+48u—1.

sixes in contact [ab, ac, ad, ae, af, ag, ah, b, bi, bn, bm,

bh, in, jn, kn, In, mn, cd, de, ¢f, fg, gh, ij, jk, kl, Im, ci,

di, dj, ej, ek, fk, fl, gl, gm, hm]

6040041008 — 1647+ 5308 — 81154951t — 38us —9u?
+7u—1.

sixes disconnected; fives doubly connected [ab, ac, ad

ae, af, ag, ah, be, cd, de, ¢f, fg, gh, hb, bi, bj, bn, cn, dn,

dkj ek, el, fl, fm, gm, hm, hi, ij, jk, ki, il, jl, Im, im, kn,

jn

w104+ 0u®+10u8 — 16074+ 50us — 8215+ 85u* — 34ud — 6u?
+7u—1.

sixes disconnected; fives simply connected [abd, ac, ad,

ae, af, ag, ah, be, cd, de, ¢f, fg, gh, kb, bi, bj, cj, dj, dk,

ek, el, fl, fm, gm, hm, ki, ij, jk, kl, Im, mi, in, jn, kn,

In, mn]

1104020+ 1048 — 16474 57u’ — 87ub+92u* — 53u 4 0u?

+10u—2.

[ab, ac, ad, ae, af, ag, ah, be, cd, de, ef, fg, gh, b, bi, ci,

¢j, dj, dk, ek, el, fl, fm, gm, gi, hi, ij, jk, kl, lm, mi, in,

jn, kn, In, mn)

#04+0u®+10u8 — 15474+ 54u8 — 7145+ T1u* — 41u° - 6u?
+9u—2.

fours mutually isolated [ab, ac, ad, ae, af, ag, ak, bc, cd,

de, ef, fg, gh, kb, bi, ci, cj, ck, dk, ek, el, fl, gl, gm, gn,

kn, hi, in, jn, jm, km, kl, ij, ik, Im, mn]

%0 4+020+10u8— 15474 5008 — 7645+ 73ut — 30u® — Su?

+6u—1.

pair of connected fours [ad, ac, ad, ae, af, ag, ak, be, cd,

de, ¢f, fg, gh, kb, bi, bj, ¢j, dj, di, dk, ek, el, fl, fm, gm,

hm, hn, ki, ij, in, i1, ki, kn, In, Im, mn)

#0402+ 1008 — 1307 +47u — 58154 60ut — 154° — 1142
+3u+0.

[ad, ac, ad, ae, of, ag, ah, ai, be, cd, de, ¢f, fg, gh, ki, bi,

1j, jk, kl, lm, mn, nj, jm, jl, bj, bk, ck, dk, ek, e, fl, fm,

gm, gn, hn, in

#0400+ 1008 — 140" +43u8 — 52084 51ut — 2543 — u?
+5u—1.

[ab, ac, ad, ae, af, ag, ah, ai, be, cd, de, ¢f, fg, gh, ki, bi,

bj, bk, ck, cl, dl, el, em, fm, gm, gn, hn, in, ij, jk, ki, Im,

mn, nj, km, jm|
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(14;4,8,0,1,0, 1)

(14; 6, 0, 8)

(14; 6, 3’ 4’ 0’ 0' 1)

(1570, 12, 3)

(15; 1, 11, 2, 1)

(15; 1, 11, 2, 1)

(15; 2,8, 5)

(15;2,9,3,1)

(15;2,9,3,1)
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u04-0u 41028 — 154743848 — 51454 52ut — 254 — u?
+5Su—1.
[ab, ac, ad, ae, af, ag, ah, ai, aj, be, cd, de, ef, fg, gh, ki,
1j, jb, bk, bn, cn, dn, dl, el, em, fm, gm, hm, hi, i, ik,
gk, kL, Im, In, kn)
#1400 +10u8 — 95742548 — 2445+ 22u* — 8ud® — 3u?
+2u+0.
[ad, ac, ad, ae, af, ag, be, cd, de, ef, fg, gb, hi, ki, hk, hl,
hm, kn, ij, jk, kl, Im, mn, ni, bj, cj, ck, cl, di, el, em, en,
fn, gn, gi, g
u040u+ 1008 — 1247+ 5848 — 48u5 +85u4 4+ 9ud 4 23u2
+20u+5+u"1
[ad, ac, ad, ae, af, ag, ah, ai, aj, be, cd, de, ef, fg, gh, hi,
1§, jb, bk, bl, bm, cm, dm, em, el, en, fn, gn, hn, hl, kk, ik,
jk, kL, Im, In] ,
2194024 1048 — 627 + 3208 — 1105+ 3204 -+ 812 — 3u?
+0u+40.
[ad, ac, ad, ae, af, ag, be, cd, de, ef, fg, gb, bh, bi, ci, ¢j,
dj, dk, ek, el, fl, fm, gm, gh, hi, ij, jk, kl, Im, mh, ho, 1o,
jo, ko, kn, In, mn, hn, no
w4+ 0uto41124°—20u8+784%7— 17048429115 —284u*
+128u3+18u2—25u+4.
four in contact with a six [ab, ac, ad, ae, af, ag, ah, b,
cd, de, ef, fg, gh, kb, b3, ci, cj, dj, dk, ek, el, fi, fm, gm, gn,
hn, ki, ij, 5k, kL, Im, mn, ni, 10, jo, ko, lo, mo, no |
w4+ 0310411249 — 1924847407 — 13848 422415 — 20044
+78u3+10u2—17u+3.
four not in contact with a six [ab, ac, ad, ae, af, ag, ah,
be, cd, de, ¢f, fg, gh, hb, bi, ci, cj, dj, dk, ek, el, fl, fm, gm,
gn, hn, hi, ij, jk, kl, lm, mn, ni, jn, jo, ko, lo, mo, no|
w02+ 1142 —19u8 47007 — 13648 420715 — 184 u4
+64ud+4+16u2—14u2.
[ab, ac, ad, ae, of, ag, be, cd, de, ef, fe, gb, bh, bi, ci, ¢j,
ck, dk, ek, el, fl, gl, gm, gh, hi, ij, jk, kI, Im, mh, jn, kn,
In, mn, oh, 0i, o, on, om |
w0004 112° — 184847207 — 13708+ 21405 — 173u*
+55u3+414u2—13u+2.
pair of sixes plus an isolated six [ab, ac, ad, ae, af, ag,
ah, be, cd, de, ef, fg, gh, hb, b1, ci, ¢j, ck, dk, dl, el, fl, fm,
gm, gn, go, ho, ki, ij, ik, kl, Im, mn, no, 0i, jo, jn, kn, km)
w0004 112°— 1843+ 631" —120u8 417025 — 13144
+29u3+1542—8u-+1.
mutually isolated sixes [ab, ac, ad, ae, af, ag, ak, be, cd,
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(15; 2, 10, 1, 2)

(15;2, 11,0, 1, 1)

(15;3,8,2,2)

(15;5,5,3,1,1)

(15;6,4,3,1,0,1)

(15;6,5,2,1,0,0,1)

(16; 0, 12, 4)

(16; 0, 12, 4)

de, ef, fg, gh, hb, bi, bj, cj, dj, dk, ek, el, fl, fm, gm, hm,

hn, hi, ij, jk, kl, lm, mn, ni, In, io, jo, ko, lo, no)

ul + 020+ 1142 — 1848+ 7047 — 13548+ 188u5 — 16644
45913 +4+13u2—13u+42.

[ab, ac, ad, ae, af, ag, ah, be, cd, de, ¢f, fg, gh, kb, bi, bj,

bk, bl, cl, dl, dm, em, en, fn, fo, go, gi, hi, Im, mn, no, o,

kl, km, kn, jn, jo, ij, jk]

w0204+ 112°—18u8+ 640" — 11948+ 17845 — 125u4
+37u4+15u2—9u+1.

lab, ac, ad, ae, af, ag, ah, ai, be, cd, de, ¢f, fg, gh, ki, b,

bj, ck, dk, di, el, em, fm, fn, gn, go, ho, t0, ij, bk, jk, ki,

Im, mn, no, oj, j, jm, jn]

w4024 1122 — 1848+ 5747 —90u® 4 13045 — 10414
+27ud4+10u2—T7u+1.

[ad, ac, ad, ae, af, ag, ah, be, cd, de, ef, fg, gh, kb, bn, bo,

bi, ci, cj, dj, dk, ek, el, fl, fm, gm, hm, hn, ij, jk, ki, Im,

mmn, 10, jo, ko, lo, mo, no

w4+ 0ul® 41129 — 1784 630" —99us 414745 — 107 u*
+28u3+4+12u2—Tu+1.

[ad, ac, ad, ae, af, ag, ah, ai, be, cd, de, ef, fg, gh, ki, 1b,

bk, kl, km, kn, ko, kg, kj, bl, Im, mn, no, go, gj, bj, 1j,

le, kj, fo, eo, en, em, dm, di]

w4000 4-112°% — 13484+5127 — 5608 +83u’ —45u*+u®
+8u2—2u+0.

[ab, ac, ad, ae, af, ag, ah, a3, aj, be, cd, de, f, fg, gh, hi,

1j, bj, ik, jl, jo, ki, km, kd, kn, kg, ko, go, Im,dm, dn, gn,

ho, 10, bl, bm, cm, en, fn)

w0210 4-110° —9u84+40u” — 3008 45215 — 20u* — 10u?®
+3u24+0u+40.

[ad, ac, ad, ae, af, ag, ah, ai, aj, ck, be, cd, de, ¢f, fg, gh,

hi, ij, jk, kb, bm, bn, cn, dn, en, em, eo, fo, go, ho, km, hl,

il, jl, kb, km, lm, mn, mo|

ul 4-0u104+112% — 608+ 3367 — 1408+ 4145 — Sut+ud
+4u2+4+0u+0.

sixes mutually isolated [ab, ac, ad, ae, af, ag, bc, cd, de,

ef, fg, gb, fl, gl, gh, bh, bi, ci, ij, jk, ki, ih, kj, hk, hl, Im,

mn, np, pi, fm, em, en, dn, dp, cp, km, om, on, op, jb,

oj, ok]

w124 0ull 4129410 — 2229+9348 — 23247 +468u° — 639u°
+541ut—180ud —47u?+41u—6.

two mutually isolated pairs of sixes lab, ac, ad, ae, of,

ag, be, cd, de, ef, fg, gb, gh, kb, ki, 1b, ij, bj, cj, jk, ck, dk,

kl, dl, el, Im, em, fm, fn, gn, mn, nh, op, om, on, oh, o1,
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(16; 0, 14, 0, 2)

(16; 1, 10, 5)

(16;1,11, 3, 1)

(16;1, 11, 3, 1)

(16; 2, 8, 6)

(16;2, 11, 1, 1, 1)

(16; 4, 8,2,1,0,1)

(1656, 5,3,1,0,0, 1)

CHROMATIC POLYNOMIALS 387

bi, pj, , B, pm]

U124 021t - 122410 — 222949348 — 21847+ 448u¢ — 614u°
+487ut — 14443 — 46u2+35u—5.

[ab, ac, ad, ae, of, ag, ak, be, cd, de, ¢f, fg, gh, hb, ij, ik,

il, im, in, 10, ip, jk, kl, Im, mn, no, op, pj, bj, bk, ck, cl,

dl, dm, em, en, fn, fo, go, gp, hp, hj]

w24+ 0ut 12210 — 2244+ 9148 — 18747+ 370u® — 49945
+380ut —93u3 —33u2+26u —4.

[ad, ac, ad, ae, of, ag, be, cd, de, ef, fg, gb, gh, g, gj, fh,

ht, ij, cj, bj, ok, oi, ok, ol, om, on, ik, kl, Im, mn, nh, fn,

en, em, dm, jk, di, cp, jp, kp, Ip, dp)

U404 412210 — 214249198 — 21247 +415uf — 53618
+409ut— 1154 — 41424 29u —4.

sixes connected [ab, ac, ad, ae, af, ag, ak, be, cd, de, ef,

fgv ghr hb, bit hiv ijr bjr Cj’ gk’ hk’ ikr jkrflv gl; klv emrfmr

Im, dn, en, mn, jo, co, do, no, pj, pk, pl, pm, pn, po]

#2402t 412210 — 2124 88u8 — 184u 7+ 35148 —440u°
+317ut —72u% — 32u2+21u — 3.

sixes disconnected [ab, ac, ad, ae, af, ag, ah, bc, cd, de,

ef, fg, gh, kb, hi, bi, ci, gj, kj, ij, jk, ik, ck, cl, kI, dl, Im,

dm, em, mn, en, fn, no, fo, go, jo, pj, pk, pl, pm, pn, po]

#2400t 4+ 12210 — 21224 88u8 — 19147+ 36448 — 45845
+328u4 — 794% — 35u%+22u — 3.

[ad, ac, ad, ae, af, ag, be, cd, de, ef, fg, gb, bj, cj, dj, 4,

di, ei, hi, ek, fh, gh, bk, gk, ki, bl, jl, Im, jm, im, mn, in,

hn, ok, go, ko, no, po, pn, pm, pl, pk]

w24+ 0nlt 412210 — 20094 88u8 — 184u” 4+ 363u® — 422us
+287u*—60u3—37u+18u—2.

[ad, ac, ad, ae, af, ag, ah, ai, be, cd, de, ef, fg, gh, hi, b,

dj, cj, bj, kj, bk, Ik, i1, ki, bl, km, Im, hm, gm, kn, mn, gn,

fn, ko, no, fo, eo, po, pe, pd, pj, pk]

U240yt 412210 —202°+ 78u8 — 13717+ 247u8 — 28115
+174u* — 1543 —23u2+9u —1.

[ab, ac, ad, ae, of, ag, ah, ai, aj, be, cd, de, ef, fg, gh, hi,

17, jb, hk, ik, jk, cm, dm, em, hl, gl, fl, kn, jn, bn, no, bo,

co, mo, po, pm, pe, pl, ph, pk, pn, el]

#2400l 412219 — 16424 6548 — 8547+ 14848 — 13245
+67ut+4+13u3—11u242u+0.

[ab, ac, ad, ae, af, ag, ah, ai, aj, ak, be, cd, de, ef, fg, gh,

hi, i3, jk, kb, jl, kL, bl, lm, bm, cm, dm, dn, en, fn, gn, go,

ho, 10, jo, po, pj, pl, pm, pd, pn, pg]

w24 0u 412210 — 1144 5008 — 4347+ 8618 — 50u°
4220+ 1443 — 342+ 0u+0.
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(17;0, 12, 5) [ad, ac, ad, ae, of, ag, be, cd, de, ef, fg, gb, ch, ci, cj, bh,
ki, 14, dj, fl, kl, Im, ik, il, im, km, jk, en, fn, In, kn, go,
fo, lo, mo, po, pg, pb, ph, pm, eq, dg, jg, kg, nq]
14002413511 — 244104+ 10842 — 25948+ 61947

—10394841152u° — 6864 +9243 49842 — 39u +4.

3. Further special results concerning regular maps. In addition to the pre-
ceding tabulated results, it is possible to obtain a limited amount of informa-
tion by use of linear difference equations with constant coefficients. We illus-
trate by deducing the number of ways in which a proper ring of m regions can
be colored from N available colors: Denote the required number by Fa.(\).
Then it is easy to see that

3.1) Fud) = A\ = 2)Fpua(N) + A — DFus(M).

For, if a, b, ¢ denote three consecutive regions of the ring of m regions,
A\ —2)Fua(M) is equal to the number of ways the ring can be colored in such
a way that @ and ¢ are colored differently, while \ —1) F,_2(\) is the number
of ways the ring can be colored so that @ and ¢ are colored alike. Now (3.1)
is a second order linear difference equation with respect to m. We proceed to
solve it under the appropriate initial conditions

3.2) F:(0) =AM —1), Fi) =2 — 1)\ —2).

The characteristic equation is p2—(A—2)p—(A—1)=0, which has roots
p1=(A—1) and pa= —1. It follows that

where 4 and B are independent of m. Substituting successively m =2 and
m=3, we find from (3.2) that 4 =1 and B=\—1. Hence

(3.4 FaM)=QA—=1D"+ Q- 1D(— D™

This result was also obtained by Whitney by other methods (cf. Whitney
[2, p. 691]) and leads at once to the following special result on regular maps:

THEOREM 1. The chromatic polynomial of a regular map P, consisting of a
proper ring of n— 2 regions together with an interior and exterior region is given by

P,(\) = N[\ — 22+ (— D)2\ — 2)]
+ A = D[ = )2+ (= DN - 3)]

Proof. The exterior and interior region can be assigned the same color in
\ ways. After this has been done, there are A —1 colors available for the ring.
Hence, using formula (3.4) with m=n—2 and X replaced by A\—1, we find
that the number of ways in which P, can be colored so as to give the same
color to the interior and exterior regions is A\[(A—2)""2+(—1)"2A—2)]. A
similar argument shows that the number of ways in which P, can be col-

(3.5)
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ored so as to give different colors to the interior and exterior regions is
AA=1)[A=3)*24+(—1)"2(A\—=3)]. Formula (3.5) results from the addition
of these two quantities.

This formula (3.5) may be used to check the polynomials given in the pre-
ceding table for the maps (6; 6), (7;5, 2), (8;6,0, 2), (9;7,0,0, 2), and so on.

It will be observed from (3.5) that lim,.,[Pa(\) ]¥*=X—2. This “asymp-
totic result” does not depend upon the explicit formula (3.5) but only on the
result limp .. [ Fm(\) ]/m=X—1, which follows directly from (3.3) and the fact
that 4 >0. Hence, in this sense, the asymptotic behavior of a family of chro-
matic polynomials which can be deduced in this way from linear difference
equations with constant coefficients depends essentially only on the root of
largest absolute value of the characteristic equation. Making use of thisidea,
we obtained the following result with regard to a considerably more compli-
cated family of maps:

THEOREM II. Let Py, denote the map (regular for n = 5) consisting of an “in-
terior” (n—1)-sided region surrounded by a proper (n—1)-ring of pentagons,
which in turn is surrounded by another proper (n—1)-ring of pentagons, the “ex-
terior” region being an (n—1)-sided region(?). Then lim, ., [Psa(4) ]1/2n=(r)1/2
=1.353 - - -, where r is the (only) real root of the equation p*+p*—3p—4=0.

The proof will be omitted inasmuch as the slight importance of the theo-
rem hardly justifies the inclusion of its rather involved proof. Still another
theorem of this type, whose proof will likewise be omitted, is the following:

THEOREM III. Let Py,ia(n=2) denote the regular map consisting of an “in-
terior” 5-sided region surrounded by n distinct proper 5-rings (of which the first
and the last are rings of five-sided regions, the others are rings of six-sided regions)
and an“exterior” five-sided region(8). Then lim,, ., [Psny2(4) |1/6n+D = [34-51/2]18
=1.393 - - - . In fact, in this case, we can make the more explicit statement that
Prnya(4) =12 [(5—2-51/2)(345Y2)n+(542-512) (3 —512)n],

4. Non-regular maps of triple vertices. We now consider proper maps
(that is, maps without isthmuses) with triple vertices only. The main result
of this section depends on the following theorem, which is also of importance
for other reasons.

Fixing attention on some region U of a map P,, let us define a certain
set F of vertices of P, by saying that a vertex B belongs to the set F if, and
only if, it is not a vertex of U but is connected to U by a boundary line having
B for one end point and having for its other end point a vertex of U.

(") For n=5, 6, 7, 8, P,, is illustrated in §2 by (10; 2, 8), (12; 0, 12), (14; 0, 12, 2),
(16; 0, 14, 0, 2) respectively.

() For n=2, 3 the mapisillustrated in §2 by (12;0, 12) and (17;0, 12, 5). The map (7; 5, 2)
can also be considered as belonging to the family for »=1, although in the above definition it
was convenient to make the restriction n=2.
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THEOREM 1. If every region abutting at a vertex of the set F (assumed not
vacuous) also abuts the region U just once, then P, contains at least one three-sided
region abutting the region U.

Proof. Choose any vertex B; & F, so that there is a boundary line L, having
one end at B; and the other end abutting U. Let S; and R, be the two regions
having the side L, in common. Let S. be the third region abutting B; and
hence, by hypothesis, also abutting U. If the (not necessarily proper) 3-ring
US1S: contains only R; on one side, which we hereafter call the “inside,”
then R, is three-sided and the theorem is true. Hence we limit attention to
the case when the ring US.S, has more than one region completely on the
inside. The part of the boundary of S; which lies inside this ring must have
at least one vertex not on U other than B;. Otherwise, since L, is the complete
inside boundary of S, R; would have to abut U more than once, contrary to
hypothesis. Let B; therefore be the vertex on the inside boundary of S; nearest
to U but not on U; and denote by L, the boundary line of S; abutting B,
and U. Let R, be the other region which has L, as a boundary line. Since
B,E F by definition of F, the third region abutting B., which we call S3, must
by hypothesis also abut U. The ring US,S; contains fewer regions inside than
US.S;, since S; is obviously completely inside US.1S. but is not completely
inside US.S;. If the ring US,S; contains only R,, then R; is a three-sided re-
gion, and the theorem is true. Otherwise we repeat the process and obtain a
ring US3S, which contains still fewer regions. Since the map has only a finite
number of regions, we must eventually find a ring USwSkq1 which has only
the one region Ry in its interior and this region clearly has three sides one of
which is a side of U.

The following theorem is an almost obvious corollary of the preceding:

THEOREM II. Let P, (n=3) be a map which contains a region U against
which each of the other n—1 regions abut just once; then

4.1) P.(\) =AM — DN — 2)(A — 3)3,

Proof. The hypothesis of Theorem I is always satisfied by a map P, of the
stated type, at least for » =4. Moreover, it is obvious that we always get an-
other map P,_; of the same kind (with one less region) whenever we erase a
side of a three-sided region abutting on U. By Principle (1.2) of Chapter I,
we have P,(\) =(A—3)P.—1(\) for n=4, while for =3 we obviously have
P3(A\) =A(A—1)(A\—2). Hence for a map of this type (4.1) must hold.

Thus any two maps, each of which has the same number of regions and
satisfies the hypothesis of Theorem II, must be chromatically equivalent.
That they need not be topologically equivalent is clear from the maps illus-
trated in figure 16. In fact, one of these maps contains two five-sided regions;
the other contains none. Each has a total of seven regions.
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The theorems of this section suggest a species of induction which can cer-
tainly be used for the numerical computation of the chromatic polynomials
as well as for the proof of some of their properties. The process may be ex-
plained as follows:

N (G0
AN

FiG. 16

Let P; denote a map containing a certain k-sided region U upon which
we fix attention. If the hypothesis of Theorem I is not fulfilled, we can select
a vertex BEF, such that one of the regions abutting at B does not have con-
tact with U. We then “twist” the boundary line that connects B to U (cf.
footnote 4) and apply Fundamental Principle (1.3) of Chapter I. The result is
an equation of the form

(4.2) Pa() = PiYN) + Pasi) — Pro(N),

where PE*! has a region U with one more vertex than the region U in PE.
The same process can be repeated on the map P! leading thus to a P:+?,
and so on. Eventually we arrive at P,!, k<l <n—1, for which the hypothesis
of Theorem I (in an extreme case, the hypothesis of Theorem II) will hold.
We can then apply fundamental principle (1.2) of Chapter I, obtaining

(4.3) Pad) = A — 3)P,L(\).

Thus, by equations of the type (4.2) and (4.3), we can express the original
P,(\) entirely in terms of chromatic polynomials of degree #»—1, which may
be assumed to be known.

As a simple application of this inductive process, the reader can prove
by this method the known theorem (cf. Birkhoff [4]) that the first two terms
in the Q polynomial for P; are »"* and 0-u"~5 respectively, provided that the
map has no proper 2-rings (# 24). It is merely necessary to observe that the
process leading from P} to Pi*! does not introduce 2-rings. A modification
of this process is actually used in Chapter III to prove far reaching results,
of which the above may be considered a primitive example. The modification
involves the replacement of the region U by a multiple vertex.
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The process is, however, not now available for proving the four-color theo-
rem. This unfortunate circumstance is due, of course, to the negative term in
(4.2), namely —Pj_;(\). Perhaps, if we had a sufficiently sharp inequality
involving P,_1(\) and P%_,(\), this difficulty might be overcome. The in-
equality

— A = 3P = (A = 3)Pas) — (A — (A — DPELQ) < PaTN,

which is to be proved in Chapter V and is valid for positive integral values
of N (together with all values of A =3), is not nearly sharp enough. It is pos-
sible that it might be sharpened if we were to use a hypothesis to the effect
that no region in P¥ has more than & sides.

5. Maps with multiple vertices. We close this chapter with the modified
formulation of the results of the preceding section which will be immediately
applicable in the next chapter.

We think of the k-sided region U as having been shrunk to a point V,
which is a vertex of the map of multiplicity k. At the same time we set
m=n—1. We deal exclusively in this section with maps P% that can be so
obtained, that is, maps of regions, whose closures are simply connected, hav-
ing one vertex V of multiplicity k, but all other vertices of multiplicity three.
The set F of vertices is defined so: BEF if, and only if, B V and there is
a boundary line having B and V for its end points. The modified forms of the
two theorems of the preceding section can now be immediately written out.

THEOREM I. If every region abutting at a vertex of the set F (assumed not
empty) also abuts at V, the map P, contains at least one two-sided region
abutting at V.

THEOREM II. If every region of the map abuts at V just once (so that the
multiplicity of V is m), then the chromatic polynomial of the map is

(5.1) Pa) =Ar — DA —2)" .
Results of this character seem to have been known in somewhat different
form by Whitney for some time. In fact, his formula
6"3 = 3 '2"‘
(Whitney [4, p. 212]) is really a special case of (5.1) with A =4.
CHAPTER IIl. THE EXPANSION OF THE CHROMATIC POLYNOMIALS
IN POWERS OF A—2

1. A conjectured asymptotic formula. A simple rational function of A,
namely (\—2)2/(A—1), turns out to be of fundamental importance in the
rigorous deduction of certain inequalities satisfied by the coefficients of the
chromatic polynomials written in powers of A — 2. I't seems desirable therefore
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to give the loose argument which led to this function in the first place. An
attempt was made to find a simple “asymptotic formula” for chromatic poly-
nomials of maps not containing too many of the known reducible configura-
tions. The argument follows:

The number of contacts in a map of # simply connected regions, triple
vertices, and without proper 2-rings, is 3 —6 (cf. Birkhoff [4, p. 3]). Hence,
if » is large, the average number of contacts per region is nearly 3. Thus, if
we build up a map by adding successive regions to it, keeping the partially
constructed map simply connected at each step and coloring it as we go along,
each new region R, which we add, will (on the average) touch three of the
regions already there. Call these regions 4, B, and C, and assume that there
is contact between 4 and B, and between B and C. 4 and B cannot have the
same color, nor can C have the color of B. But the probability that C has the
color of 4 is 1/(A—1), and the probability that it does not have the color
of A1is \—2)/(A—1). In the first case R may be colored in A —2 ways; in the
second case in A— 3 ways. Hence, on the average R may be colored in

A-2e

L n—+2"20—3-
A—1 T oa-—1

A—1
ways.

From the fact that no map with at least one triple vertex can be colored in
0, 1 or 2 colors and only maps of even-sided regions can be colored in 3 colors,
we assume the factors \, A—1), A\ —2), (\—3). The conjectured asymptotic
formula for the number of ways a map of » regions may be colored in A colors.
is therefore

(x —_— 2)2 n—4
(1.1) P,.()\) ~ )\()\ - 1)()\ - 2)()\ - 3) I:T_l—-] .
The exponent # —4 is chosen corresponding to the total of » factors, one for
each of the # regions.

The fact that this formula gives the number of ways the dodekahedron
can be colored in 4 colors with a discrepancy of less than .27 appears to be an
accident. If the formula has any significance at all, it is merely to the effect
that

A-=-2

(1.2 1P=(\) ]/ is approximately equal to ~—1

for maps with a large number 7 of regions. It is seen very definitely that this
is not true for the maps P, of Theorem I, §3 of the last chapter. But these
maps are of very special type, having a large number of four-sided regions.
On the other hand, Theorems II and III of the same section seem to confirm
the conjecture (as regards A =4, at least), where we get the limits 1.353 - - -

and 1.393 - - -, both of which are reasonably close to the conjectured value
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0f1.333 - - - =(A—=2)2/(A—1) l r=4. These maps, too, have reducible configura-
tions, but not of such an elementary type as that presented by the four-sided
region. It is felt that formula (1.2) is likely to be more valid for maps with no
reducible configurations or, at least, with only the reducible configurations of
the more complicated types.

2. Introductory remarks. Unless otherwise stated, we are concerned
throughout §§2-6 of this chapter with proper maps Pf,; of n+3 regions,
whose closures are simply connected, with one vertex V of multiplicity %
(k=2) and all other vertices triple. In case k=2 the point Vis a vertex only
by special convention. Actually it is an ordinary point on a boundary line
of the map. Its exact location will not be subject to doubt when this case is
met.

We use the following notation:

2.1) x=N—2,
P:+a(7\)
A — DO — 2)

where Q%(x) is obviously a polynomial of degree # in x with leading coeffi-
cient equal to one. It is convenient to write the polynomial as follows:

(2.2) 0n(x) =

(2.3 On(2) = Z": (- 1)'ara"”

h=0

We do not assume that all the a’s are non-negative, though this will turn out
to be the case (cf. Birkhoff [4, p. 10]). We also set

- 2)2 x?
(2.4) R =
A—1 1 + x
k-a n—k+3 b3 2 n=ki3
2.5 = .
L =

It will be convenient also to have recorded here the expansion of
U¥(x) = R" in descending powers of x. The binomial theorem gives

(2.6) Usx) =R'= x"(1+ 1) =X (- ' | x| > 1.
h=0

Likewise the following expansion is of some importance:

R*+4 (— 1)"R n? Pl Wheol
S e TRe Ben{ Rt

+ }5 (- 1) {1 + 3 ""‘”""} z

h=n—1 t=h4+2—n

2.7
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For the sake of completeness we add two further expansions to be used in the
future:

(2.8) (x—1)" = Z (- 1)"Cha" ™",

h=0
(x— 1"+ = (x — 1)”—l
(2.9)

= —nx 4 > (— l)h{C: + it
h=2
Let fa(x) and g.(x) be two functions developable in descending powers of
x and beginning with the term x*. Set

fa(®) = 2» 4+ 20 (= DFbaxm,  ga(x) = 2"+ 20 (= Dhicrzm;
k=1 A=l

then (contrary to the more usual notation of the next chapter) we shall in

this chapter write fa(x) Kgau(x) or ga.(x)>fa(x), if ba=cj for h=1,2,3, - ..

Assuming fi(x)<Kgi(x) for i=1, 2 and n=1, 2, 3, - - -, we evidently have

(2100 fa(®) + (= D oce(®) Kgal®) + (= D'gaca(®), s=1,2,--- .

The relation is also transitive. That is, if fa(x) Kg.(x) and g.(x) <h.(x), then
(%) Lha(x).

3. The rigorous relation between the chromatic polynomials and the con-
jectured asymptotic formula. The fundamental result of this section is the

following theorem.

THEOREM. For all maps PL,; of the type specified above, we have

(3.1) 05(%) K Un(®).

Proof. There are only 3 topologically distinct maps P; and only one map
P; (cf. Birkhoff [4, p. 10]). It is therefore easy to verify the theorem for
n=0, 1. Assuming inductively that the theorem is true for n <m (m =2), we
shall prove that the theorem is true for n=m. That is, we shall prove that

(3.2) 0F K Ur.

Now, by Theorem II, §5, of the preceding chapter, we know that the above
relation is true when k=m+3. We therefore make a second inductive hy-
pothesis and assume that (3.2) holds when 2> (I=3), and our goal now is
to prove that

(3.3) On & Un.
It may happen that P;,,; has a region T which does not abut at V but
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which does abut at a vertex 4 € F(®). Let the other two regions abutting at 4
be denoted by R and S (cf. fig. 17). R and S also abut at V. Shrinking the

Fic. 17

boundary VA to a point, we get a map P4}, for which (3.2) holds by our
second inductive hypothesis Also, without shrinking VA but by erasing it,
we get a map Py}, for which our first inductive hypothesis is valid, at least
if Pnys is actually a proper map. The special case, /=3, should here be
parenthetically noted: In this case V is a'vertex of Pir; only by convention,
which then has only triple vertices and is thus in reality a map P4, , for which
we have Q,_, =% _, K UZ_,<U?_,. Returning to the general situation we evi-
dently have:

Case 1. Q,,=Q;f* if P} is a pseudo-map.

Case 2. (,. W —(Qit if P&, is a proper map.

In Case 1, QKUNKUS'—ULY=U., In Case 2, we have
QhKUn'— Uply=U}. In both cases we use (2.10) as well as the readily
verifiable identity Uy, (x) = Ui'(x) — UL (x).

Hence (3.3) has been proved if a region T of the type described above is
available. But in the contrary case, we know by Theorem I, §5, of the pre-
ceding chapter that P, ; hasa two-51ded region abutting at V. Erasing one
of ‘the sides of such a two-sided region, we obtain a map P',,,H to which our
first inductive hypothesis may be applied. Furthermore Qh=M— -2)Q8=Y
=xQp21 Kz Uy} = Uy, This completes the proof of the theorem.

The case of any map of simply connected regions and triple vertices is
covered by (3.1) with £=3. From this formula we can now read off a rigorous
relationship existing between the chromatic polynomial of such a map and
the “asymptotic formula” of §1. It may be formulated as follows:

(*) Asin the last section of the preceding chapter, AE Fif, and only if, 4 3 V and thereisa
boundary line having 4 and V for its end points. The possibility of the second condition holding
without the first is, of course, ruled out, as we are dealing with maps P:'. " of regions whose
closures are simply connected.
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Pa(N) . . (A —2)?
is dominated for N\ < 2 by | —————
A — DO\ — 2) A—1
4. Lower bounds for the coefficients, a1, @, - - - . In the previous section

we obtained results which yield upper bounds for the numbers a4, a3, - - - .
We now prove the following theorem which yields lower bounds and, in fact,
is a refined form of the theorem proved by Birkhoff to the effect that the a's
are all non-negative (cf. Birkhoff [4, p. 10]).

THEOREM. If Pi, s (a map of the type considered above having one vertex
V of multiplicity k) has the property that no pair of its regions have two or more
sides in common (%), then QE>x*—3(x —1)n—k+3,

Proof. Exactly as in the previous proof, we may assume inductively that

(4.1) 0> 2" (x — 1)

Sfirstly for n <m and 3 <k <m+3, and secondly for n=m and k>I. We wish to
prove that

(4.2) Qm>> " (x - 1)

If Pl contams a proper three-ring, then by shrinking to a point the part
of the map on the side of the ring which does not contain V we obtain a map
of the type Pl ;. Shrinking the side that does contain V we obtain a map of
the type Pg,s with.a+B=m, 0<a, B<m. Also we have Qh,=C,- Q5 (cf.
Chapter I (7.2)). Thus from (4.1) we have Q@ >>xt3(x—1)a1+.(x—1)8
=x1"3(x —1)™— 3, Thus (4.2) must hold under the present circumstances. We
may therefore restrict attention to the case when no proper three-ring exists

m—l+3

mn Fpyg.

It may happen that P},,, has a region T" which does not abut at V but
which does abut at a vertex 4 € F (for definition of F, cf. §5, Chapter IT). Let
the other two regions abutting at 4 be denoted by R and S. Shrinking the
side VA to the point V, we get a map Py }; for which (4.1) holds by our
second inductive hypothesis. Also, leaving the point 4 in its original position
but obliterating the side VA, we get a map P',,H_z for which our first induc-
tive hypothesis is valid. For, in P}, the region formed by the union of R
and S can not be in a proper 2-ring, inasmuch as Pj,,; has no proper 3-ring.

Hence, if 1> 3, we have

Q = Q'l"+1 _ Qm—l>> x (x _ 1)m—z+2 _ xl_4(x -1 m—148
=2 = )" — e+ 1] 2 @ = )" - %)
m—l+3
=g (x - 1)

(‘°) It is thus possible by our hypothesis for P' to have two regions R and S such that
R+Sis doubly connected, but the omission of the exceptlonal vertex V would render it simply
connected. (Here R is the closure of R.)
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But, if I=3, V is a vertex only by convention in P}, and this map is a
P32 Hence
3 m— m— m
On=Qn—Omi» sz =D = (x— D" = (s - 1",

Hence (4.2) has been proved if a region T of the type specified above is
available. In the contrary case, we know from Theorem I, §5 of the preceding
chapter, that P}, ; has a two-sided region abutting at V(!1). Hence

m—1+3 m—1+3

Om=O—20m1= > x2 (x—1)""" =4 (x— )",

This completes the proof.

It is easy to see how the above theorem can be modified so as to take
care of the case when 2-rings are allowed. Namely, if the map has r proper
two-rings, but otherwise satisfies the hypotheses of the theorem, we would

have
r+-k—3 n—r—k+3

Qf. > x (x—1) .

5. Refinements of the results of the two preceding sections. The theorems
of the two previous sections can be somewhat sharpened, if we restrict atten-
tion to maps of sufficient regularity. Our results in this direction are given
below in Theorems I and II. We must first, however, prove the following
almost obvious lemma.

LEMMA. If M, is a proper map of triple vertices and n (n>3) simply con-
nected regions, it contains a side which together with its end points s in contact
with four distinct regions.

Proof. The lemma is true for n =4, where there are only two topologically
distinct possibilities (cf. Birkhoff [4, p. 11]). Assume inductively that the
lemma is true for 4 <n <m. If now we assume the lemma false for n=m, we
arrive at a contradiction as follows:

Consider a map M,, in which no side abutting four regions exists. Let R
and S be two regions separated by a side 4B whose end points are the ver-
tices A and B(®). Let T be the third region abutting on 4 B. Then the point set
E consisting of T and the side 4 B must be doubly connected. If either of the
two collections of regions into which E separates its complement with respect
to the sphere consisted solely of one region (R or S), the obliteration of the
side 4B would lead to a submap of m —1 regions of triple vertices for which
the lemma would fail. It follows that T must have at least six vertices, since
no multiple vertices are allowed and since no multiply connected regions are
allowed. If the vertices of T are denoted in the order in which they occur by

(1) It should be noted that in this case we necessarily have & >3. Otherwise the map would
contain a pair of regions having two sides in common, contrary to hypothesis.

(1) The existence of two vertices in any map of simply connected regions with triple ver-
tices can never be in doubt. There are obviously at least 2m/3 vertices.
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Ay, As, - - -, A6, - - -, it is clear by our assumption that the region 7 in
contact with T across 414, must also touch T across 434, thus making
T+ T* doubly connected. The third region abutting at 45 must therefore be
separated from the third region abutting at 4. Hence 434 must be in con-
tact with four distinct regions. This is the desired contradiction.

THEOREM L. If P3,, is a map of triple vertices with n+3 simply connected
regions, then

R*+ (= 1)"R

n-1
— 1) R,
R+ 1 +(=1

(5.1) 03(x) < =

where the notation is explained in §2.

Proof. When 7 =1, this reduces to Q%(x) <R, which is known to be true.
We inductively assume the theorem true for n <m. Consider, then, a map
P} ;. By the lemma just proved, we know that it contains a side A B against
which four distinct regions abut. If the two regions which have contacta/cr:s
AB have no further contact, the obliteration of 4B leads to a map P? —1)4+3
for which (5.1) is valid; otherwise we would get a pseudo-map. On the other
hand, in either case, the shrinking of AB to a point leads to a map Ph,;
with one quadruple vertex. We thus have either Q% =Q4 —Q3_, or 0% =0%.
In either case, it follows from §3 and our inductive hypothesis that

Rm—-l + (_ 1) m—lR

m—2
—-(—-1) R
R+1 =D

Q,‘,.(x) L2R" — &

R™ 4 (— l)"'R m—1
= — 1) R,
R+l +(=1
and the theorem is proved.

THEOREM II. If P35 is a map of triple vertices having n+3 simply con-
nected regions with no proper 2-rings or 3-rings, then

(5.2) B> -1+ 2" = (x— 1"

Proof. According to Whitney there exists a simple closed curve C without
multiple points passing through each region just once and crossing each side
at most once, but not passing through any vertex (cf. Whitney [3]). The
complement of C with respect to the sphere consists of two simply connected
domains D, and D,, separated by C(*%). Each region of P3,; contains vertices
in both Dy and D,. Select any vertex V in D, and any region R, abutting V
and by a continuous deformation of the map which leaves invariant the
domain D; and is one-to-one except for the points which go into V; pull up

(1) This is the classic theorem of Jordan.
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in succession all the vertices of R; lying in D, to coincide with V. At each step,
say right after we have pulled in the (k—3)th vertex, we obviously have a
map of the type Pr, s, with one k-tuple vertex, against which no region abuts
more than once. For, if a region abutted ¥V more than once, either it would
exclude at least one region from being entered by C or it would itself be en-
tered at least twice by the curve C, contrary to the construction of C. Further-
more, with the deletion of V, the union of no three regions can be multiply
connected in Py, ;.
Still using the notation of §2, we have

k ® e
(5.3) 0n(®) = 07 (®) — Qi(®),  k=nt3 4
where the map P} referred to by QF~l(x) contains no pair of regions
having two sides in contact, inasmuch as P} ; has no proper ring of three
regions, as well as no ring of two regions.
We shall prove first by induction on % that

(5.9 Or»x -0+ fork=nt+3nt2---,54,
For k=n++3, this gives Q¥**>>x", which is known to be true (cf. Theorem 11,
§5, Chapter II). Assume inductively that (5.4) holds for k>l=4. We shall
prove (5.4) for k=1. By (4.1), we know that Q=1>x*4(x—1)»—*+3, Com-
bmlng this with (5.3) and our inductive hypothe51s, we find that

n— l+3 n—1 n—l+3 n— l+4 n—1
x x .

On>> 5 (5 — 1) — 2z —1) x = 1)
This proves (5.4) for k=4, 5, - -, n+3. For k=3, we have, however, Q3(x)
=Q4(x) — Q%% ,(x), since V would be a vertex by convention only for PZ,,.
Hence, using the fact that Q3* > (x—1)»! by (4.1) and also the fact just
proved for k=4, - - -, we find that (5.2) holds, as desired.

6. Recapitulation of the inequalities proved in §§3, 4, 5, in the case of maps
with triple vertices only. Taking k=3 and comparing (3.1) and (4.1) with
(2.6) and (2.8), we obtain the very interesting inequalities,

(6.1) CGisasC™, h=1,2,3--+,n,
Likewise, comparing (5.1) and (5.2) with (2.7) and (2.9), we obtain the still
sharper inequalities,
(6.2) CGi+Chsas E n_h_%“, h=2,3,--+,n—2
=0
The conditions under which these various inequalities hold are not the
same and are specified in detail in the preceding paragraphs. We merely note
here that they all hold for regular maps.
It is to be noted that (6.1) determines the exact value of a;, while a; is
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determined exactly by (6.2), with the result that for regular maps of #+3
regions, we must have

(6.3) a; = n, a=(n+2)(n — 1)/2.

These values for a; and a, can, however, be determined by any one of a num-
ber of other methods (cf. Birkhoff [4, p. 19]). The complete set of inequalities
(6.1) or (6.2) seems to constitute a much deeper result.

7. A determinant formula for a chromatic polynomial developed in powers
of A —2. Birkhoff has given a general explicit formula for the chromatic poly-
nomials in terms of the number of ways the maps can be broken down into
submaps in various numbers of steps (cf. Birkhoff [1]; also Whitney [1]).
In this formula the polynomial is developed in powers of \. We now give a
similar formula (cf. (7.2) below) which yields us the polynomial developed in
powers of A —2.

The main features of the proof of our new formula are given in this sec-
tion. Several lemmas which are needed to make this proof rigorous are de-
ferred to §9. In §8, we give a simple example of the application of the new
formula.

Except where otherwise stated, we restrict attention to maps of at least
three regions, all of whose vertices are triple and none of whose regions are
multiply connected.

Let us “mark” some of the boundaries of a map of # regions in such a
manner that it is possible to number the regions of the map 1,2, - - -, nin
such wise that region 2 is in contact with region 1 across an unmarked bound-
ary; region 3 is in contact with regions 1 and 2 across unmarked boundaries;
region 4 is in contact with just two of the regions 1, 2, 3 across unmarked
boundaries; and, in general, region k (2 <k <#) is in contact with just two of
the regions 1, 2, - + -, k—1 across unmarked boundaries, these two regions
themselves being in contact with each other across unmarked boundaries. The pos-
sibility of such markings will be discussed later.

If the boundaries of a map are marked so as to fulfill these conditions, we
shall, for brevity, speak of the map itself as having been marked. Also, if it
is possible to number the regions as described above without marking any
of the boundaries, we shall, in certain circumstances, think of the map as
having been marked, the set of the marked boundaries being vacuous.

Assuming that a map has been marked, it is obvious that, if we neglect
whether or not the colors match across the marked boundaries, the number of
ways the map can be colored in X colorsis A\(A —1)(A —2)»—2. For, coloring the
regions in the order in which they may be numbered so as to fulfill the above
requirements, we see that any one of the \ colors may be assigned to the re-
gion 1; any one of the A —1 colors different from the color assigned to region 1
may be assigned to region 2; any one of the A —2 colors different from the two
colors assigned to regions 1 and 2 may be assigned to region 3;and, in general,
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any one of the A —2 colors different from the two colors (necessarily distinct)
already assigned to the two of the regions 1, 2, - - -, k—1, with which region
kisin contact across unmarked boundaries, may be assigned to region k. Such
a coloration, in which it is not required that two regions in contact across a
marked boundary should have different colors, will be called for brevity a
coloring of the marked map.

It is not possible in all cases to mark a map in the sense just explained.
A simple example to show this is indicated in figure 18. Nevertheless, in figure
19 is indicated a map chromatically equivalent to the map of figure 18 which

SNanve

FiG. 18 F1G. 19

can be marked (™). This situation is general. According to Lemma 3, §9, there
is in any complete set of chromatically equivalent maps at least one which
can be marked, at least in a certain slightly generalized sense which does not
affect present considerations.

Let P be a map which can be marked. We consider some one particular
fixed marking. Then, any coloring of the marked map is an ordinary coloring
of some submap of P in which certain of the marked boundaries have been
erased but all the unmarked boundaries have been left inviolate. Namely the
marked boundaries to be erased are just those boundaries which separate
similarly colored regions. Conversely, any ordinary coloring of any submap
of P obtained by erasing marked boundaries only is a coloring of the marked
map P. Hence, if we denote by P'=P(%), P, P3, - - -, P*all absolutely dis-
tinct proper submaps of P obtained by erasing marked boundaries only, we
see that Zf. 1P3(\) is equal to the total number of ways of coloring the marked
map P. Thus we have

k
(7.1) MM = D= 2 = 30 P,
=1
where 7 is the number of regions in P.

(4) The chromatic polynomial for both maps is easily seen to be A\(A—1)(A —2)1*(A —3)2.
(%) Every map is considered to be a submap of itself in the present context.
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It will be proved later (Lemma 3, §9) that none of the submaps
P2, P3, ..., P* has any multiply connected regions, the same being as-
sumed at the outset to be true of the map P = P. We next replace, whenever
necessary, the maps P2, P3, - - - |, P*¥ by chromatically equivalent maps which
can be marked. Since no confusion can result, we denote any map chromati-
cally equivalent to Pé also by P, and when we speak briefly of marking the
map P¢we are really contemplating the double operation of (firstly) choosing
a particular map out of the appropriate class of chromatically equivalent
maps and then (secondly) of marking the chosen map. With this understand-
ing we can repeat the above process with each of the submaps P2, P3, - - - | Pk,
The submaps obtained from P? by erasing only marked boundaries of some
particular marking of P? are called P2, P*+! Pk+2 ... Pkt The submaps
of P3? are called P3, Pktr+l pkirt2 . . .  Pktr+s and so forth.

Our future use of the word “step” is made sufficiently precise by observing
that P*+! is derived from P? in one step and from the original map P in two
steps, regardless of the number of marked boundaries that were erased in
passing from P to P?or from P? to P**!, this number being in each case not
less than 1. However, a map, when considered as a submap of itself, is re-
garded as derived from itself in zero steps.

It is to be understood that all the maps obtained in two steps are treated
in the same way to give rise to still more maps obtained at the third step;
and the process is repeated until after a finite number of steps all the marked
maps have vacuous sets of marked boundaries. Here the process comes to a
natural halt after we have obtained a total of, say, m maps (cf. Lemma 4, §9).

Of course, the number of ways these m maps can be obtained is enormous.
For it is very arbitrary as to just how a map may be marked at each step. We
emphasize that we are now considering only some one fixed choice. It should
also be remembered that these maps P!, P?% - . ., P™ are not necessarily
distinct from each other. '

Next we let the symbol [i, j] represent the number of these maps
P, P? . - ., P™ which contain just j regions and are derived from P in just
¢ steps(1%). We shall now prove the formula

(7.2) PO\ =N - 1)[ > (= »i 1 = 2):'—2].

Proof. For each of the P? we evidently have an equation like (7.1), which
we write in the form

(7.3) A — 1A = 2)m—2 = Y Ei;Pi(A), i=1,2,--,m,
j=1
(1) The following obvious equalities satisfied by these bracket symbols are of some interest:
[0, 2]=1;[0,7]1=0, if j<n; [4, j]1=0, if i4+§>n;D . ;[4, ] =m, the total number of maps in the
sequence P, P3, . .. Pm,
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where #; is the number of regions in the map P* and where E;;=1 if the map
Pi is obtained from P* in one step or in zero steps (in the case of E;;) but is
otherwise zero. According to the notation chosen P7 can be derived from P
only if j =1, that is, E;;=0 if 2>j, while E;;=1 for all <. Hence the determi-
nant IE.-;I is equal to unity and we can solve the m equations (7.3) for
Pi(\)=P(\) in the form

AN—=2)~% E; E;3 Eu--:En
(AN—2)% Ey E;3 Eg--- Eom
(AN=2)m"2 0 Es3 Es--- Esm

PQN) =AM -1
() ( ) (X—Z)”‘—z 0 0 Ey- - Eim

(=Dt & 0 0l Emn
The value of the determinant is equal to the sum of all terms of the type
(= 1)E1aEs - -+ Ep_1,y(A — 2)"2E 145+ » Epe,

where ¢ is the number of inversions in the permutation [a, 8, - - -, ¥, 1,
8, - - -, €e]of themnumbers1,2,3, - - -, m. Now suppose that this permuta-
tion is factored into a product of cycles. The factors in the typical term can
be correspondingly rearranged so that we may write it in the form

(— 1)'[0\ - 2)"‘-2ElaEabEbc o Edl] [EPGEW c Em] et [Eu] [Ew] )

where ¢, b, ¢, 4,1, p, g, 7, 5, %, ¥, and so on, are mutually distinct and where
the brackets correspond respectively to the cycles (! 1 a bc---d),
(pgr---s),---,x),(), - -.Here,without loss of generality, we take as
the first bracket the one which includes the element from the first column,
namely (A—2)"+2 If N;+41 is the number of elements included in the ith
bracket, then ¢=_,N, (mod 2) and we may therefore replace ¢ by 1= N
Since E,g vanishes when o>, it is clear that, for nonvanishing terms,

1<a<b<Ke< - <Kd<],
(7.9 p<g<r< .- <s<p,

.............

But, since it is absurd for p to be less than itself, as (7.4) would imply, and
since E;,=FE,,= - - - =1, it is clear that all nonvanishing terms are of the
type
(" 1)‘ElaEabEbc ctt ‘Edl(x - 2) ”‘_2’

where ¢ = Ny is the number of the factors Eyq - + + Eq;. By definition of the E's,
a term of this type is equal to (—1)f(A—2)"2 or to zero according as to
whether the map P! is derived from P in ¢ steps through the intermediate
maps Ps, P P¢, - - . | P4 or whether it is not so derived. Each of the maps
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P P2 ... Pmisthought of as derived from P in just one way. Hence the
sum of all terms of this type, for which 7 is fixed but I ranges through the
values for which #;, the number of regions in P!, is equal to a fixed number j,
is evidently (—1)%[4, 7]J(\ —2)#~2. Summing over both 7 and j we get the value
of the determinant and the desired formula (7.2) has been established.

8. Illustration of the determinant formula. Let P be the map illustrated
in figure 20. We mark it as there shown, indicating the marked boundaries

[
P! with 6 regions

F1G. 20

by heavier lines. Then we evidently get a total of four maps at the first step.
These maps are shown in figure 21. These are also arbitrarily marked as

@ D W J

P? with 5 regions. P3 with § regions P4 with 5 regions PS5 with 4 regions

F1G. 21. Maps obtained at first step.

shown. At the second step we get the seven maps shown in figure 22. After
marking these, we finally get at the third step the three maps of figure 23.
By counting these maps we find [0, 6]=1, [1, 5]=3, [1, 4]=1, [2, 4]=6,
[2, 3]=1, [3, 3]=3, with all other bracket symbols vanishing. This gives
PR =An — 1[0, 6](n — 2)¢ — [1, 5](x — 2)* — [1, 4](x — 2)2
+[2, 4]0 — 22 + [2, 3]0 — ' = [3, 3]0 — 20}
=AMA-1DA=-2)[A—2)*—30A—2)2+ 50 — 2) — 2].

This agrees with the Q polynomial listed in §2, Chapter II, for the map (6; 6).
For computing chromatic polynomials the present method is of little use, as
it is far more complicated than the method indicated in the first section of

Chapter I1.
The determinant formula will probably also prove to be of little use for
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theoretical purposes. It is hard to believe, for instance, that it will ever yield
more precise results than the inequalities of §6. In fact, the known properties
of the chromatic polynomials yield a great deal more information about the
[#, 7] symbols than the [4, j] symbols yield about the chromatic polynomials.

$ & D &

Ps with 4 regions P7 with 4 regions P* with 4 regions P with 4 regions
P19 with 4 regions P with 4 regions P'? with three regions

F1G. 22. Maps obtained at second step.

Y o @

P13 with 3 regions P14 with 3 regions P's with 3 regions

F1G. 23. Maps obtained at third step.

9. Proofs of the deferred lemmas. The following lemmas, needed for the
rigorous discussion of the determinant formula, were postponed to the present
section so as not to interrupt the continuity of exposition in §7.

LeMMA 1. In any map of n simply-connected regions having all of its vertices
triple save for one n-tuple vertex against which each region abuts just once, there
exists at least one two-sided region (n = 3).

This lemma has already been proved. It is a special case of Theorem I,
§5, Chapter I1.
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LEMMA 2. It is possible to mark any map of triple vertices and n simply-con-
nected regions which contains no proper 2- or 3-rings. Furthermore, this can be
done in such a way that the three boundaries which abut on a preassigned vertex
are unmarked, and so that the number of marked boundaries is n— 3, while the
number of boundaries having no vertices in common with the unmarked bound-
aries is also n—3.

Proof. Draw a Whitney curve, that is, a closed curve without multiple
points passing through each region once and only once but passing through
no vertex. This curve divides the map into two parts. Let the part which
contains the assigned vertex be called the outside, while the other part is
called the inside of the Whitney curve. If we deform the map continuously,
so that the inside of the curve is shrunk to a point while the outside is trans-
formed in a one-to-one continuous manner onto the rest of the sphere, it is
clear that we get a map of the type referred to in Lemma 1. But such a map
can be colored in A(A—1)(A—2)"~2? ways (cf. Theorem II, §5, Chapter II).
Hence the original map can be colored also in A\(A —1) (A —2) "2 ways provided
that collisions of color which occur inside the Whitney curve be neglected.
Hence we mark all the boundary lines which lie entirely inside the Whitney
curve. We leave it to the reader to show in detail how the regions may be
numbered from 1 to » in the manner described in §7. Suffice it to say that the
number # is assigned to the region which corresponds to the 2-sided region
mentioned in Lemma 1. After erasing one of the two sides of this 2-sided
region, we get a map of the same type with one less region. This map also has
a 2-sided region and its position indicates the region in the original map to
which we assign the number »—1. In this way all the regions are numbered
in reverse order.

To prove the last part of the lemma, we note that, if we erase the boundary
lines and the partial boundary lines which lie outside the Whitney curve, we
obtain a map of #»+1 regions, provided we use the Whitney curve itself as a
set of additional boundaries. It is well known from Euler’s polyhedral formula
that such a map has 3(n+1)—6=3n—3 boundary lines (cf. Birkhoff [4,
p- 3]). Of these, 7 are the boundary lines lying along the Whitney curve; n
more are boundary lines abutting on the Whitney curve, while the remaining
n—3 boundary lines are entirely inside the Whitney curve. These are just
the ones which we marked. The fact that the number of boundaries not hav-
ing a vertex in common with the marked boundaries is also #—3 follows by
symmetry with respect to the Whitney curve, as these are precisely the
boundaries on the outside thereof.

COROLLARY. The number of unmarked vertices (that is, vertices which are not
the end points of any marked boundary lines) is n—2, if n>3. In case n=3,
the number is 2.

In fact, for >3, the boundaries which have no vertex in common with



408 G. D. BIRKHOFF AND D. C. LEWIS [November

the marked boundaries, together with their end points, form a tree, since they
form a simply connected set. Otherwise the Whitney curve would not pass
through every region. The relation between the number of vertices and the
number of edges of a tree is well known. The corollary then follows from the
last clause of Lemma 2.

The case n=3 is an exception because the set of marked boundaries in
this case alone is vacuous.

Before stating Lemma 3, we describe two operations for passing from a
given map to another chromatically equivalent map.

The first one may be used in case the map contains a proper 2-ring. Any
pair of regions Ry and R,, whose union is multiply connected with multiplic-
ity r,divides the map Minto a number of isolated configurations Fy, F, « - -, F,
(r=2), such that F1+ F,+ - - - +F,4+ R+ Re= M, the whole map. Select one
of these configurations, say Fi; deform the map so that F fits into the in-
terior of a circle C!, which is then thought of as removed from the map by a
rigid motion in space, leaving the boundary of the circle behind on the map.
This circular boundary is now shrunk to a point Q. Next select any point P
in the interior of any boundary line of the map('7) as so far modified. Expand
P into a circular 2-sided region C of the same radius as that of C?, while the
rest of the map suffers a one-to-one continuous transformation. By a rigid
motion the configuration Fj is returned to the map in a new position, namely
into the circle C. The map as thus modified will be chromatically equivalent
to the original map, at least if we take care by a further deformation of Fy (if
necessary) that the vertices on the circular boundary of F; are in the same
cyclic order after the modification as the corresponding vertices were in the
original map. This follows from (7.1), Chapter I.

The second operation may be used in case the map contains a 3-ring. It
is similarly described. The only modification is that the point P is taken at a
vertex instead of at an interior point of a boundary line. The point P is ex-
panded into a circular three-sided region into which the canfiguration F is
placed.

Suppose that we fix attention upon a certain set S of boundaries of a map.
Let S be the complementary set. Suppose further that P(\) denotes the num-
ber of ways the map may be colored in X colors so that no two regions which
have contact across boundaries in the set S! shall have the same color, while
collisions of color across boundaries belonging to S are completely neglected.
Then the reduction formulas for 2- and 3-rings (that is, (7.1) and (7.2) of
Chapter I) still hold for these modified chromatic polynomials, provided that
the boundaries separating the regions in the ring do not belong to S (that is,
they do belong to S!). This obvious principle is fundamental in the proof of
Lemma 3, where the set S is the set of marked boundaries.

(") Or, more generally, of any chromatically equivalent map. This generalization is ac-
tually needed for the proof of Lemma 3.
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LLEMMA 3. Any map of simply connected regions and triple vertices containing
perhaps two-rings or /and three-rings is chromatically equivalent to a map which
can be marked, in such wise that at least one vertex is unmarked, provided at
least that we accept the following slight generalization of the term “marked”: A
map of n regions is marked if the number of ways it can be colored in N\ colors
in such wise that no two regions with an unmarked boundary in common snall
have the same color (but without regard to the matching of colors at the marked
boundaries) is AN\ —1)(\ —2) »—2(18),

Proof. The proof is by induction on the number % of the regions in the
map. It is readily verified that the theorem is true for n =23, when the set of
markings is vacuous and both vertices are unmarked.

The case when no 2- or 3-rings are present is disposed of in Lemma 2.
In the case to be considered, then, we can evidently find a proper 2-ring or
3-ring R which has the property that, if one of the two isolated configurations
F or F; (say F,) into which R divides the map is shrunk to a point, the result-
ing map has no proper 2- or 3-rings. If we shrink F; (i=1 or 2) to a point
we obtain a map M; of fewer regions than the original map M. Hence, by
our inductive hypothesis, M; can be marked so that there is at least one un-
marked vertex; or at least a map M7 chromatically equivalent to M; can
be so marked. However, we must take care, whén M} and M3, are combined
to form a map M* chromatically equivalent to M, that none of the marked
boundaries occur between the regions of R. As a matter of fact, this is not
always possible. In virtue, however, of the fact that M, has no proper 2- or
3-rings, we may by Lemma 2 choose the markings so that the crucial bound-
aries(1?) are not marked in the map M,=M7. The situation with respect to
M or M} is not so fortunate, but M¥ has at least one unmarked vertex by
our inductive hypothesis, so that F; can be replaced elsewhere according to
one of the two operations described above for passing to a chromatically

(*8) This definition differs from the former merely in that we are not now required to
enumerate the regions in the manner prescribed in §7. Probably this enumeration can always
be carried out for maps that can be marked in this generalized sense, but, as this seems a bit
difficult to prove and as the enumeration is actually not needed, it seemed well to introduce the
above generalization. It is odd that the method which is easiest in its application to simple ex-
amples is the theoretically more difficult. This last remark applies also to regular maps, where
perhaps the easiest way to draw a Whitney curve is to carry out the enumeration first (more or
less at random) and mark the boundaries as we go along so as to suppress unwanted contacts.
No matter how this is done, in most cases the enumeration can be completed and the set S of
marked boundaries will turn out to be simply connected and will touch each region just once.
Hence a closed curve drawn completely around S and in the neighborhood of S will be a Whitney
curve. Yet for theoretical purposes, in connection with Lemma 2, we reverse the process by
drawing the Whitney curve first, marking the map secondly, and enumerating the regions (in
reverse order) last.

(19) There is only one such boundary if R is a 2-ring and three such having a common
vertex if R is a 3-ring.
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equivalent map. When M* has been thus formed, it will be seen that the mark-
ings of the constituent parts M} and M3 yield a marking for the whole, at
least in the slightly generalized sense specified above.

Furthermore, by the corollary to LLemma 2, we may calculate the number
of unmarked vertices in M; in terms of f, the number of regions in F. In
case R is a two-ring, M, has f+2 regions and hence at least f unmarked ver-
tices, all of which occur in (or on the boundary of) the configuration Fy. In
case R is a 3-ring, M, has f+3 regions and hence f+1 unmarked vertices,
f of which occur in (or on the boundary of) the configuration Fj. In either
case, as f =1, the map M*, chromatically equivalent to M and marked in the
manner described, will have at least one unmarked vertex and our proof by
induction is complete.

LEMMA 4. Any proper submap of a map marked in accordance with the direc-
tions given in Lemmas 2 and 3, which is obtained by erasing marked boundaries
only, can not contain multiply connected regions.

Proof. First we prove the lemma for the case of a map with no proper 2- or
3-rings, where all the marked boundaries are on the inside of a Whitney curve.
In order to obtain a multiply connected region in the submap, it must be
possible to find a set of regions Ry, R,, - - -, Ry, such that R; is in contact
with Ry (4, 141 taken modulo k) across a marked boundary and such that
>t R is multiply connected. Since all the marked boundaries are inside the
Whitney curve and since this latter enters each region just once, it will be
possible to draw a simple closed curve I' through Ry, Rs, - - -, R;, passing just
once through each R; in the order named but not entering any other region
and lying entirely inside the Whitney curve. Furthermore, I' must have at least
one region completely on each side of itself (since D_R; is doubly connected).
This would imply the existence of a region completely inside the Whitney
curve, contrary to the definition of the latter.

The proof for maps containing proper 2-rings and/or proper 3-rings can
be carried through by induction. If we shrink one side of such a ring to a
point we get a map of fewer regions. OQur inductive hypothesis is therefore to
the effect that a multiply connected region in the submap can not be obtained
from regions in the original map lying entirely on one side of any proper
2-ring or 3-ring. But the existence of any other such multiply connected region
in the submap would be absurd as our configuration of boundaries for the sub-
map would then necessarily contain an isthmus. We omit details.

LEMMA 5. Any submap of the type described in Lemma 4 has at least three
regions.

Proof. The lemma is obvious for maps without 2- or 3-rings, as the number
of marked boundaries for a map of » regions is only n—3, and every time we
erasc a boundary we decrease the number of regions by just one and decrease
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the number of marked segments (originally marked boundaries) by at least
one.
The remaining cases are easily reduced to the case already treated.

CHAPTER IV. EXPANSIONS IN POWERS OF A—4 AND A —35

1. Notation. We are concerned throughout this chapter exclusively with
proper maps of simply connected regions all of whose vertices are triple. In
connection with such a map P,y3 of n+3 regions, we use the following nota-
tion:

(1.1) x=\—4; y=A—25,

P n+3()‘)

A—-1DA -2

(1.2) 0.(\) = R.(2) = S.(y) = -

Let f(£) and g(£¢) be two polynomials in £ Then (contrary to the notation
of the preceding chapter) we shallin this chapter write f(£) <g(§) or g(£)>>f(§)
if, and only if, the coefficients of f(£) are non-negative and not greater than
the corresponding coefficients of g(£).

We also write

(1.3) TN K UW) for A = ¢,

when T and U are polynomials in N and ¢ is a constant, if, upon setting
E=N—c, f(§)=T(\), and g(£) = U(\), we have f(£) <g(£) in accordance with
the preceding definition. It is evident that, if (1.3) holds, then T(\) KU(N)
for A2, if b> ¢, so that our definition is consistent with the ordinary meaning
of the symbol =.

2. Powers of A—4. The following theorem is fundamental:

THEOREM 1. If P,.s has a proper 2-ring or a proper 3-ring or a four-sided
region K surrounded by a proper 4-ring, then

(2.1) A=K =2) for A = 4,

provided that this same relation, with n replaced by m, holds for certain maps
Py with m <m.

The detailed specification of these “certain maps” is given implicitly in
the following proof. This specification is not important. The one important
feature is that each of these maps has fewer regions than the given map Pas.
This theorem does not lend itself (except under very limited conditions, in
the proof of Theorem II below, for instance) to complete induction, since the
hypothesis concerning P,; to the effect that it has a 2- or 3-ring or a four-
sided region need not hold for all the maps Puys.

Proof. Formulas (7.1), (7.2), and (2.5), of Chapter I, may be written in
our present notation as follows:
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(2.2)  Ra(%) = (2 + 2)Ra(2)Ry(), at+p+1=mn
(2.3) Ru(») = ﬁa(x)-ﬁﬁ(x)v a+ g =mn,

(2.4) Ru(®) = % [RO(2) + REy(9)] + —x—j—z [Ry(x) + R2y(x)].

Assuming that

(2.5) (x + 1) K Ry(x) L (x + 2), v = a and B,
(2.6) (2 + 1)" K Ry(2) L (% + 2)7, v = a and B,
2.1 (x + 1)': & R{.g,(x) &L (z+ 2):: i=1and2,

(x+1) <KRa(y)KL(x+2) , i=1and 2,

we are to prove that
(2.8) (x4 1)" K Ra(x) K (2 + 2)™

If P,.,s has a proper two-ring, (2.2) and (2.5) may be used to prove (2.8)
in the following way: From (2.5) we have

(x + 1)t L Ro(2)Rs(x) KL (x + 2)Hb,
Hence, multiplying by (x+2) and using (2.2), we get
(2 + Dot L (x + 1)ot8(x + 2) K Ru(x) KL (x + 2)atptL,

Since in this case a+8-+1=x, (2.8) has been proved. ‘
If P,,s has a proper three-ring, (2.3) and (2.6) are similarly applicable.
If P,.s has a four-sided region K surrounded by a proper four-ring, we
use (2.4) and (2.7) as follows: From (2.7) we have
o8}

oz + )™ <<% [R:(2) + RP(2)] < 2(z + 2)"
and

n—2 (1)

(x4 2)(x+ 1) <<—“—;—2 [Raa(x) + RZ’_’z(x)] L=+ 2"

Adding and making use of (2.4), we obtain
(%24 22 + 2)(x + 1)" 2 K Ry(2) L (2 + 1)(x + 2)™ 1,
The proof is completed by noting that (x+1)"<K(x2+2x42)(x+1)"2 and
(1) (x+2) 1<K (x+2)".
THEOREM I1. The relations (2.1) always hold for n=0,1,2, - - -, 8.
Proof. For n=0, (2.5) holds, inasmuch as necessarily Ro(x)=1. Likewise

for n=1, we have Ri(x) =x+1 or x+2, so that the theorem certainly holds
in this case also. The theorem then follows by induction from the previous
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theorem and the fact that Euler’s polyhedral formula shows the existence, in
every map of triple vertices with less than twelve regions, of at least one re-
gion of two, three, or four sides. For such maps of n4-3 regions, it is easily
seen that the hypothesis of Theorem I must be fulfilled for 1 <» <9.

It is our conjecture that (2.1) always holds for maps of triple vertices.
Every attempt to prove this has broken down on account of the possibility
of the occurrence of maps without proper two-rings, three-rings, or four-sided
regions. Probably the only maps of this type with fewer than seventeen re-
gions are the maps listed in- Chapter II with the symbols (12; 0, 12),
(14; 0, 12, 2), (15;0, 12, 3), (16; 0, 12, 4) (two maps), and (16; 0, 14, 0, 2),
or maps topologically equivalent to these. It has been verified experimentally
that (2.1) holds for each of these six maps as well as for the map (17;0, 12, 5).
In accordance with Theorem I, this almost certainly establishes the truth of
our conjecture (2.1) for n <14; that is, for all maps having fewer than seven-
teen regions.

Needless to say our conjecture is a very strong form of the four-color con-
jecture. For, if (2.1) were true of all maps (of triple vertices), then, in particu-
lar, we could write 1 =Q,(4) for any map P,s. Hence P,,3 could be colored
in four colors.

3. Powers of A —35. The situation, which is very obscure for A =4, is very
clear for A= 5. We summarize the facts for this latter case in the following
theorem, part of which has already been published (cf. Birkhoff [3 and 4]).

THEOREM. For all maps of triple vertices
3.1 A=3)"<K%UANKA—-2) for X Z 5.

Proof. This is already known to be true for # <9 by Theorem II of the pre-
ceding section. To prove the theorem for =9, we assume inductively that
(3.1) is true when n <m, and show that it must therefore hold for n=m. To
this end we write formulas (7.1), (7.2), (2.5), and (3.4) of Chapter I in terms
of y and S (cf. §1) as follows:

(3.2) Sa(y) = (¥ + 3)Sa()Ss(9), at+B+1=m,
(3'3) Sm(y) = 3«(3’)3-5(3’): 24 + B = m,
oo&w=-—&hwmeH——w&w+%mn

<@ 2y + S <®
6.9 sa) =2 320 [+ 2] 25200 |
=1 =1
By Euler’s polyhedral formula we know that we have only the following
(not mutually exclusive) four cases to consider:
Case I. Pn.shas a proper two-ring. In this case, we use (3.2) with our in-
ductive hypothesis asserting that
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(y+ 2 <KL 850 L (y+ 3, = a and B.
Hence
(y + 2)=* LK Sa()S5(y) K (y + 3)=*2.
Multiplying by (y+3) and using (3.2), we get
(v + 3)(y + 2)*7 LK Sn(y) L (y + )=t
but, since a+B8+1=m and (y+2)+F1L(y+3)(y+2)>+8, we obtain
(3.6) (Y + 29" LSn(y) K (¥ + 3™,

which is equivalent to (3.1).
Case I1. P,,3 has a proper three-ring. In this case, we use (3.3) with our
inductive hypothesis asserting that

(y+ 2)7 KTy(y) L (y + 37, ¥ = a and 8.
It follows that

(y+2)m = (y + 2)** LK Ta(3)Ss(y) = Su(y) L (y + 3)™,

and (3.6) has been established for this case also.
Case I11. P43 has a four-sided region surrounded by a proper four-ring.
Hence we use (3.4). Our inductive hypothesis yields

1)

G+Do+2" i [Sm_l(y) + SN (3 + Dy + 3™

and

(1)

G+ I [Sm_z(y) + S ] < (v + 3"

Adding, we get in virtue of (3.4) the following:
P+ 4y + 9+ D" KL Suly) L (y + 2)(y + )™

Since (y42)2<Ky?*+4y+5 and y+2<Ky+3, we see that (3.6) is again estab-
lished.

Case 1V. P,,3 has a five-sided region surrounded by a proper five-ring.
Here we use (3.5). Our inductive hypothesis yields

¥y +2)" K ? Z Sola(y) K 3y + 3™

=]
and
= (i)

mo2(3) K (2y + S)(y + 3"

Qy+ 50 +2" "«

=1

Adding and using (3.5), we find that
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P+ 4y+ 5y + 2)" 2K Sul(y) L (2 + 5y + S)(y + 3) ™

Since (y+2):<y2+4y+5 and (y2+5y+5)<K(y+3)? we see that (3.6) has
now been finally established.

In conclusion it may be noted that, while it is possible for Q.(\) to equal
either \ —2)» or (\—3)", the latter polynomial appears to approximate Q.(\)
the more closely for regular maps. This is one of the rough conclusions that
can be drawn from the calculations of Chapter II and is undoubtedly con-
nected with the experimentally verified fact that the successive derivatives
of the chromatic polynomials for regular maps are numerically very small for
A =3 as compared with their values for either A=2, where they alternate in
sign in accordance with the results of Chapter 111, or for A =4, where, in ac-
cordance with our conjecture of §2, they are all positive. Unfortunately, we
have not been able to express these results in precise form, much less to prove
a rigorous theorem which would adequately cover the situation.

CHAPTER V. ANALYSES OF THE FOUR-RING AND FIVE-RING

1. Formula for the reduction of the four-ring in terms of certain con-
strained chromatic polynomials. Suppose we have a map P containing a
4-ring, Ry, R,, R, R4, with closed curve C. Let Min [Mex] represent the map
obtained from P by replacing the inside [outside] of C by a single region
Qi= [Q==], which is thus in contact with each of the four regions Ry, R, Rs, Ry,
or at least with what remains of them. Let A®(\) [A¥(\)] denote the num-
ber of ways that Min— Qin [ Afex— Q=] can be colored so that four distinct col-
ors occur in the ring. Let 4°(\) [A%(\)] denote the numbers of ways that
Min—Qin [Me==—(Q=] can be colored so that R; and R; have the same color
but R; and Ry have distinct colors. Let A(\) [A%(\)] denote the number
so that R; and R; have distinct colors but R; and R, are colored alike; and
finally let A(\) [A$(\)] denote the number so that just two distinct
colors appear in the ring. Then we obviously have

POy ATOATR) AT VATO) + 457 ()47
A= DO = 2)(A = 3) A= 1D —2)
@b A5 MATR)
A —1)

But it is to be remembered that this formula (1.1) is still not analogous to
formulas (7.1) and (7.2) of Chapter I for the 2- and 3-ring because the A(\)’s
are constrained polynomials rather than free polynomials. We therefore study
the possibility of expressing the A(A)’s in terms of certain free chromatic
polynomials.

2. Formula for the reduction of the four-ring in terms of free polynomials.
We can, of course, discuss the 4ir(\)’s and 4°*(\)’s simultaneously. Accord-
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ingly in the sequel we omit the superscripts. Let K; be the map obtained
from M by omitting the boundary between R; and Q. Let L; be the map
obtained from M by omitting the boundaries between R; and Q and be-
tween Ry, and Q. Here subscripts are taken modulo 4. The four possibly topo-
logically distinct maps thus obtained are illustrated in figures 1, 2, 3, 4, with
figure 1 representing K;=Kj, figure 2 representing L, =L, figure 3 represent-
ing K;=K,, and with figure 4 representing L,=L,.

The four schemes represented by A1, 43, 43, A4 are illustrated in figure 24
below. A comparison of figure 24 with figures 1-4 leads at once to the follow-

TN N N
5

Fic. 24

ing four equations involving the chromatic polynomials K;(\) and L;(\):
KEi(\) = 4:(0) + 4:(0),  Ka(N) = 4:(\) + 42(0),

Li(N) = 4200 + 44, L2(A) = 4s(0) + 44,

which we would like to solve for the A’s in terms of the K's and L’s. These
equations are, however, not independent, a fact which is not surprising in
view of the equality Ki(A)+Li(\) =K,(A)+L:(\), which is merely (1.3) of

Chapter I in another notation. Hence, before we can solve (2.1), we must find
an additional equation. The deficiency is eliminated by the following:

(2.2) A + (= 2 = 34N = (A = 3)[4:0) + 4sN ]

We have two quite different proofs of this fundamental relation which we
defer to §§3 and 4. We merely note here that the simultaneous solution of
(2.1) and (2.2) leads to the following four equalities:

(AW =3A+1)4:N) =AA=3)K1(\) +(A—3)Li(\) —(A—=3)A—1)L(),

(2.1)

2.3) (W =3+1)4,(\) = KN +(A=2)Li(N) —(A=2)L:(N),
. (A =3+1)4:(0) = Ki(N) —(A—=3)LiN)+A—=3)A—1)L:N),
M=3A+D4 M= =K +A=3)L:O) +A=2)L(N).

The substitution of the value for the 4A(\)’s given by (2.3) in equation (1.1)
gives us a formula for the reduction of the 4-ring in terms of free chromatic
polynomials associated with maps having fewer regions than P has.
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3. Proof of (2.2) using Kempe chains. Assume temporarily that A=4.
From our \ colors select a particular set of four distinct colors a, b, ¢, d. Let
AY, A3, A%, AY denote the number of ways of coloring M—Q in such a
way that these four colors appear in the ring in exactly the manner indicated
in the four schemes of figure 24. Since it is possible to select the four colors
a, b, ¢, d, in the indicated order, in just A\(A—1)(A —2) (A —3) ways, it is clear
that

(3.1) A0 = A = D\ — 2)(A — 3)4}.

Similarly it is possible to select @, b, ¢ in just A\(A—1)(A —2) ways, and hence
3.2 As() = A = DO = 243,

(3.3) As(\) = A — (A — 2)45.

Similarly, we have

(3.4) A0 = A\ — 145

Now we think of our X colors as divided into two complementary sets, the
first set containing colors @, ¢, and perhaps some other colors, the second set
containing colors b, d, and perhaps some others. Let Af(ac) denote the num-
ber of colorations enumerated in A such that R, and R; are connected by a
set of regions colored solely in the set a, ¢, - - - . Let Af(bd) denote the num-
ber of colorations enumerated in 4§ such that R; and Ry are connected by a
set of regions colored solely in the set b, d, - - - . Then by the well known
principles of Kempe chains the following relations are obvious:

(3.5) AT = A% (ac) + A% (bd), i=1,23,4,
Ah(ac) = A%a), AL (bd) = A% (ba),

A% (ac) = A3 (ac), A% (bd) = A3 (bd).
Adding these last four equations and making use of (3.5) we obtain
(3.6) AT+ A= A3 + 45

Finally, eliminating 4%, A%, A7, A¥ from equations (3.1), (3.2), (3.3), (3.4),
and (3.6), we get

A4:00) AN _ Az(\) + As(0) .
AA=DA=2)A—=3)  AA—=1) A =1 —2)

Clearing of fractions we obtain the desired equation (2.2) which has thus been
proved for all integral values of A =4. Since, however, both sides of (2.2) are
polynomials, it is clear that (2.2) is an identity in A.
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4. Proof of (2.2) by induction. In the previous sections we have been dis-
cussing a given map M of triple vertices having a quadrilateral Q surrounded
by a (not necessarily proper) 4-ring, Ry, Ry, Rs, Rs. There are just four essen-
tially(?°) distinct proper maps of this type having no region completely ex-
terior to the ring. We denote them by M?!, M?, M3, M* and describe them as
follows:

M! is the map of five regions in which R; has contact with Rs.

M? is the map of five regions in which R; has contact with Ry.

M3 is the map of four regions in which R, is identical with Rs.

M* is the map of four regions in which R; is identical with Rq.

These maps are illustrated in figure 25.

(6:(0310:20!
% F> » x>

R

R
M3 M
F1G. 25

Let the constrained chromatic polynomials 4j(\) be defined with refer-
ence to M/ exactly as 4;(A\) was defined with reference to M. On account of
the simple nature of M7, it is easy to write down explicitly the values of the
AJ(N). From their definitions, we find at once that

Al=A(A—=1)(A—2)(A—3), 41=0, Ay=AA—1)(A=2), Ai=0,
AI=AO-1)(A—-2)(A—3), A1=AA—1)(A—2), A3=0, Ai=0,
A}=0, A=AA—1)(A—2), A3=0, Ai=\(r—1),
A1=0, 43=0, A=AQA—1)(A—2), Ai=A(—1).

(4.1)

From the italicized remark at the end of the proof of Theorem I, §6, Chap-
ter I(2!), it is apparent that there exist relations of the type:

(4.2) A0 = ﬁ) B,00A10), i=1,23,4,

i=1

(20) In case the reader has trouble with the meaning of the word “essential” the following
will suffice for the present: Two maps of the type under discussion are essentially the same if
(1) they are topologically equivalent and if (2) the homeomorphism which establishes this equiv-
alence can be chosen so that the regions marked Q and R of one map correspond respectively
to the regions marked Q and R; of the other map for each % (=1, 2, 3, 4). For a more formal
treatment of this matter see §1 of Chapter VI.

(%) The notation is different from that of §6, Chapter I. Also what was there referred to as
the interior of the ring is now thought of as the exterior, and vice versa.
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where B;(\) is a polynomial in A, independent of ¢ but dependent on the par-
ticular map M under discussion. Hence, if there also exist relations of the
type
4
(4.3) > a:N4i0) = 0 forj=1,2,3,4,
$=1

where @; is independent of j (and also of M), it follows from (4.2) that we must
also have

4

(4.4 3 a4\ =0
=]
for any map M. We proceed to determine a¢’s that will indeed satisfy (4.3)
and thus obtain a relation of the type (4.4) valid for any map M.
Using (4.1) and suppressing a common factor A(A — 1), we may write equa-
tions (4.3) as follows:

A =2)(A — 3)a + 0-a2+ (N — 2)az+0-a, =0,
AN=2)A—=3)a1+ A — 2)as + 0-a5+ 0-a, =0,
0:a:+ N\ — 2)az + 0-a5+ 1-a4=0,
0-a; + O.as+ (AN—2)as+ 1:a4 = 0.

These homogeneous equations in the four unknowns a, as, as, a4 are compati-
ble and have the essentially unique solution,

01='—1, a =\ —3, a;=)\—3, a4=—()\—2)()\-3).

Substituting these values for the a’s in (4.4), we see that we have again de-
rived the relation (2.2) and that it has now been established by an inductive
process. The induction appears explicitly in the proof of Theorem I, §6,
Chapter 1.

The method of §3 for deriving (2.2) is somewhat shorter than the method
of §4, but it was the latter method which we first discovered.

5. Four-color reducibility of the four-ring. We wish to point out in this
section that the relation (2.2) contains essentially Birkhoff’s earlier result on
the reducibility of the proper four-ring (cf. Birkhoff [1]). The essential facts
needed are formulated in the following theorem:

THEOREM 1. If L1(4) >0 and L:(4) >0, then at least two of the three quantities
A2(4), As(4), and A(4) must be positive.

Proof. If 44(4) >0, (2.2) shows that either 43(4) or 4;3(4) or both must be
positive and the theorem is true. The only other possibility is for 44(4) to
vanish. But, in this case, (2.1) shows that both 42(4) and 43(4) must be posi-
tive, and the theorem is therefore completely established.
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The 4c. reducibility of the proper 4-ring is an immediate corollary of this
theorem. For, if the map P of §1 were 4c. irreducible, Li®(4)>0, Li*4)>0,
L$*(4)>0, and L$*(4) >0, inasmuch as each of the four maps just referred
to has fewer regions than P. Hence by the theorem just proved two of the
quantities 4i*(4), 4*(4), AP(4) are positive and also two of the quantities
AF(4), A (4), AS¥(4). It follows from (1.1) that P(4) >0, contradicting the
assumption that P was 4c. irreducible.

It is easy to find simple examples which show that any one of the quanti-
ties 41(4), A2(4), A3(4), A4(4) may vanish, even if we assume that R;, Ry,
Ry, R form a proper ring. Nevertheless, in addition to the information already
given in Theorem I, it is easy to prove the following theorem.

TueoreM I1. If Ki(4) and K:(4) are positive as well as Li(4) and Ly(4),
then at least three of the quantities A1(4), A2(4), A3(4), A4(4) are positive.

Proof. If 4,(4), As(4), A4(4) are all positive, there is nothing to be proved.
But by Theorem I, we know that not more than one of these quantities can
vanish. There are thus only the following three possibilities to be considered:

I. If 42:(4) =0, then the second of equations (2.1) shows that 4:(4) >0.

II. If A3(4) =0, then the first of equations (2.1) shows that 4,(4) >0.

III. If A4(4) =0, then equation (2.2) shows that 4:(4) =A42(4)+A43(4) >0.
In all three of these cases the theorem is seen to be true.

6. Inequalities satisfied by K;(\), K:(\), Li(\), Lx(\). From the fact that
A;N\) =0 for A\=0, 1, 2, - - - and that N2—3\+12=0 for N=271(34-5%2), it
is clear, from (2.3) and the relation Ki(A) +Li(\) = K2(\) +L2(N), that we can
‘immediately write down numerous inequalities involving the four quantities
Ki(A), K2(N), Li(A), Lo(N) valid for \=3, 4, - - - . In this connection we make
two remarks, the first of which lends significance to these inequalities and the
second of which is designed to show, among other things, that these inequali-
ties are valid also for non-integral values of A>3$.

Fi1c. 26

Remark 1. The map K1 may be regarded as completely arbitrary. In fact, any
map of triple vertices containing three or more (simply connected) regions
can be denoted by Ki. The other maps M, K», L, and L; are then obtained as
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follows: To get M, we draw a new boundary line I* (see dotted line in figure
26), sufficiently near any given boundary line , so that / and I are the op-
posite sides of a new quadrilateral Q. The maps K,, L;, and L, are then ob-
tained from M, as in §2, by omitting various boundaries of Q.

Remark 2. Not only is A2—3\+41 completely monotonic for A= 3 but se
also are A1(\), A2(N), As(\), A«(\) for A=5.

The proof of the italicized statement is carried out by induction: Firstly,
itis clear from (4.1) that the statement is true for the maps of fewest regions,
that is, those maps which have only the region Q and certain other regions
abutting Q. Secondly, it is clear from Euler’s polyhedral formula that if the
map possesses regions (other than Q) not abutting Q, at least one of these
regions is a pentagon, quadrilateral, triangle, or two-sided region, and hence
formulas (3.1), (2.1), (1.2), and (1.1) of Chapter I as applied to the present
constrained polynomials are available for proving that if the statement is
true for maps having less than #z regions it must also be true for maps having
n regions. The details, which are very similar to those of §3, Chapter IV (cf.
also Birkhoff [4, p. 13]), will be omitted. Notice that it is not even necessary
to guard against the occurrence of pseudo-maps in using the reduction for-
mula for the pentagon or quadrilateral. For a pseudo-map is regarded as hav-
ing a chromatic polynomial which vanishes identically. and is hence com-
pletely monotonic for A2 5.

Of the various inequalities deducible from (2.3), perhaps the two most
interesting ones are the following:

(6.1) = AA=3IK:A) = A — L) — (A = 3 = DLA) = Ka(N).

According to the preceding discussion, (6.1) holds for A=3, 4, and for A25.
Moreover

~ o 3K>\]sd”[>\ 3L, ) — (A — (A — DL.O)]
6 —5;(—)1()_5(—)1()—(—)(—)2()

n

= e K,(\)
for A\=5 and for n=0,1,2, - - ..

If K1(4) =0, we get from (6.1) the result that L,(4)=3L,(4); and since
Ky=K +Li—Ly=0-+3Ly—Ly=2L,(4), we come out with the interesting re-
sult that, if K, is 4c. irreducible, K is not 4c. irreducible. This special result
can, however, be obtained more simply without reference to (6.1) by a direct
study of Kempe chains.

7. Formula for the reduction of the five-ring in terms of constrained
chromatic polynomials. Suppose we have a map P containing a 5-ring, Ry, Ry,
Ry, Ry, R, with closed curve C. Let Mi» [Mex] represent the map obtained
from P by replacing the inside [outside] of C hy a single region Qi= [Q°x],
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which is thus in contact with each of the five regions, Ry, - - -, R, or at least
with what remains of them. Let Gi*(A\) [G**(\) ] denote the number of ways
that Mi=—Qin [M ex— (ex] can be colored so that five distinct colors occur in
the ring. Let A2(\) [4(\)] denote the number of ways that Miz—Qi=
[Mex—Q°=] can be colored so that R; 1 and R;;1 have the same color but the
other three R’s have three other distinct colors. The subscripts are here, and
in_ the sequel, taken modulo 5 so that i=1, 2, 3, 4, 5 (mod 5). Finally let
BPQ\) [B*(\)] denote the number of ways that Min—Qin [Mex—Qex] can
be colored so that just three distinct colors appear in the ring and the color
of R;is distinct from the colors of the other four R’s. It is readily seen that we
have now exhausted the possible color schemes. Consequently we arrive at
the following formula, which is for the five-ring exactly what (1.1) was for
the four-ring:

~ GG~
A= DO = 2)(A — 3)(A — 4)
> ASNATO) > BSVBIO)

t=1 t=1

DO -0 =3 A —Da=2)

P(\)

(7.1)

+

L
We next study the possibility of expressing the constrained chromatic poly-
nomials, GQ\), 4:(\), B;(\), in terms of certain free chromatic polynomials.

8. Formula for the reduction of the five-ring in terms of free polynomials.
Since we can discuss M2 and M** simultaneously, we shall hereafter omit the
superscripts.

Let K; be the map obtained from M by erasing the boundary between R;
and Q. Let L; be the map obtained from M by erasing the boundary between
R;_1and Q and the boundary between R;;; and Q. By Fundamental Principle
(1.3) of Chapter I, it may be shown that

(8.1) Ki(\) + Liya(A) = Liya(N) + Kirs(N).
Referring to the definitions of the 4's, B’s, and G, we see that

(8.2) KiN) = Ai(N) + Aia) + Ais(V) + BaA) + GO
(8.3)  Lid) = 4i(\) + Biy2(N) + Birs(N); i=1,2,3,4,5 (mod 5).
It is clear from (8.1) that the ten equations (8.2) and (8.3) are not independ-
ent. Hence, before we can solve the equations (8.2) and (8.3) for the unknown
A’s, B’s and G, we must find some additional equations. The deficiency is
just eliminated by the following five equations:

G + (A = 3)(A = HBirad) = A — H(AiN) + 4irs(N),

8.4
(8.4) i=1,234,5.
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These equations are analogous to the single equation (2.2) which appeared in
the analysis of the four-ring. The two proofs of (8.4) are postponed to §§9
and 10. We outline here the solution of equations (8.2), (8.3), and (8.4) for
the 4's, B’s and G in terms of K1, L1, Ls, Ls, Ly, Ls. First, with the help of
(8.4) we eliminate G, A,, A3, A4, As from (8.2) and (8.3) and thus obtain the
following system of six independent equations, in which we have put u =\ —3:

Qu+1) AN+ (—w+u+1)Bi(A)+  42Bs(A) —u2Bs(\) — 42BN+ 42Bs(\)=Ki(0),

A,(N) + BN+ BN =L,
(8.5) AN —uBi(\)+ uBy(\) — uBs(\)+ BN+ (u+1)Bs(N) = L(»),
AN +Bi(\) — uB(M\)+(u+1)Bs(\) = Ls(0),
AN +Bi(\) 4 (u+1)Bs(A) — uBs(2) =L),
4N —uBi(N)+(u+1)B:N)+ BsA\)— uBN+  uBs(A)=Ls(\).

We next solve these equations for 41(\), Bi(\), Ba(\), Bs(\), Bs(\), and Bs(M).
We thus obtain the first six of the following eleven equations:
(#*+3u+1) By(\) = — K1(\) +Li(A) —L2(A) +(u+ 1) Ls(N)
+(u+1)LsN) —Ls(N),
(u243u+1) Bo(A) = — K1(A\) + (u+1)Ls(N) +uLs(M),
(4?4-3u+1) Bs(\) = — Ki(\) + (w+1) Ly(A) — L2(N) +Ls(N) +uLs(N),
(4243u+1) B{A) = — Ki(\) + (u+ 1) Li(A) +uL2(N) +La(\) —Ls(N),
(w*+3u+1) By(\) = — K1(N) +-uL2(N) + (u+1)Ls(A),
(w+3u+1)4:(\) =2K:(A) + (w2 +u—1)Ly(N) — (u—1)Ls(A\) —Ls(N)
—LiA) — (u—1)Ls(N),
(8.6) (2 +3u+1)4:(\) = 2K:1(A) — (w+1)Li(N) + (w2 +u+1)L2(N)
— (u+1)Ls(\) —Ls(N) +Ls(N),
(w2 +3u+1)A3(\) =2K1(\) —Li(A) — (u— 1) La(\) + (w?+u—1)Ls(A)
= (w1 LN +Ls(A),
(4?+3u+1)A4(\) = 2K1(A) —Ly(A\) +La(N) — (u+1)Ls(N)
+ (w24 u—1)Ly(\) — (u—1)Ls(N),
(0 +3u+1)As(\) =2K1(\) — (u+1)Li(\) +L2(N) — Ls(N)
—(u+1)L\)+ (w2 +u+1)Ls(0),
(w4 3u+ 1)) = (u—1) [(s+4) K1(\) — (442) { L) +Ls() +LiN) }
+2{LM)+LsN) }](®).

(2?) Since the regions R,, Rz, Rs, Ry, Rs can be renamed R, Rs, Ry, Rs, Ry, it is clear that
equations (8.5) and (8.6) should be invariant as a set under the permutation (25)(34). This
serves as a check on our calculations.
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The seventh, eighth, ninth and tenth of equations (8.6) may be found by ad-
vancing the subscripts of the sixth equation and eliminating K, K3, K4, Ks
with the help of (8.1). The last equation can be deduced from the equations
previously found in conjunction with any one of the equations (8.4).

The substitution of the values of G(A), 4:(A), and B;(\) given by (8.6)
into equation (7.1) yields a formula for the reduction of the 5-ring in terms of
free chromatic polynomials associated with maps having fewer regions than
P has.

9. Proof of (8.4) using Kempe chains. Assume temporarily that A= 3.
From our M colors select a particular set of five distinct colors, @, b, ¢, d, e.
Let G*, AY, AY.., Bf.; denote the number of ways of coloring M—Q in
such a way that the five regions surrounding Q are colored in the manner
indicated in the following table:

R; Rip Riye Riys Ry
G* a b c d e
AF a b c d b
A, a b c a e
B¥, a b c a b

(¢ is regarded as fixed). Since the three colors a, b, ¢ can be chosen from the
\ colors in the indicated order in AA—1)(A —2) ways, it is clear that

9.1) Biras@\) = A\ — 1)(A — 2) B1a.

Similarly, we have

9.2) AN =20 — DO = 2)(A — 3)45, E=4iori+4
and

9.3) GO =AA — DA — 2)(A — 3)(A — 4)G*.

Now we think of our A colors as divided into two complementary sets;
the first set containing colors @, ¢, d and perhaps some others; the second
set containing colors b, ¢, and perhaps some others. Let G*(acd), A} (acd),
and B}, ;(acd) denote the number of colorations enumerated by G*, 4}, and
B?,, respectively, such that the regions R;, Riys, Riys are connected by a set
of regions colored solely in the set, @, ¢,d, - - - . Let G*(be), AF(be), Biiz(be)
denote the number of colorations enumerated by G*, A¥, and B,,, respec-
tively, such that the regions R;;1 and R;;4 are connected by a set of regions
colored solely in the set, b, e, - - - . The following relations are then obvious:
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G* = G*(acd) + G*(be),
A} = A(bed) + Ar(be),
Bla = Btia(acd) + Biha(be),

9.9

G*(acd) =A% (acd),
G (be) = AZsa(be),
Bia(be) = A (be),
Biia(acd) = A%p(acd).
Adding these last four equations and making use of (9.4) we obtain
(9.5) G* 4 Blys = AT + Aiy

Finally, eliminating the starred quantities with the help'of (9.1), (9.2), and
(9.3), we have
G(\) Bira(N)

AMA—DA=2A =30 —4)  AA— DK —2)
_ Ai\) + Aira(N) )
A= DO = 2)( — 3)

Clearing of fractions we obtain the desired equation (8.4), which has thus
been established for integral values of A= 5. Since, however, both sides of
(8.4) are polynomials, it is clear that (8.4) is an identity in A.

It is interesting to note that the five linearly independent relations (8.4)
are of no significance for the interesting case N =4, for which they reduce to
0=0. But for A4, we can eliminate G, thus obtaining the relations

(9.6) 4:(A) + (A — 3)Bita(N) = (A — 3)Bipa() + 4is(N), 7 =1, 2, 3, 4, 5(*9)..

Since, however, both sides of each of these equalities are polynomials, it is
clear that (9.6) holds also for A=4. This gives us a simple example of how
function-theoretic considerations can give significant results for the case of
special interest, A =4. The function-theoretic method is, however, not essen-
tial in this connection, as it is also possible to establish (9.6) directly, either
by using Kempe chains, or by using the inductive method of the next section.

10. Proof of (8.4) by induction. In §§8, 9 we have been considering a given
map M of triple vertices having a pentagon Q surrounded by a (not neces-
sarily proper) 5 ring, Ry, Rz, Rs, Ry, Rs. There are just ten essentially distinct
maps of this type having no region completely exterior to the ring. They are:
M;, in which R;_; and R;;, are identical; and N, in which the five regions of
the circuit are distinct but R; has contact with each of the other four. Let

(3®) Any four of these five relations are linearly independent.
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the constrained polynomials GM;(\), A:M;(\), B:M;(\) be defined with refer-

ence to M; exactly as G(A), 4;(A\), B;(\) were defined with reference to M.

Similarly we let GN;(\), A:N;(A), B:N;(A\) equal the number of ways N;—Q

can be colored with X colors in the schemes indicated by G, 4 ;, B; respectively.
We first wish to solve the homogeneous linear equations

Fic. 27

> adiM;(\) + Zsj b:iBiM ;(\) + gGM;(\) = 0,

fmml [

(10.1) s s
3 wANN) + 2 biBiNi(A) + gGN;(A) =0, j=1,23,4,5,
=1 -1

for the unknowns ay, - + -, @s, by, - - -, bs, g. For we know from the italicized

remark at the end of the proof of Theorem I, §6, Chapter I, that there exist

relations of the type,
5 5

A = 20 e NAMN) + 22 N AN,

=1

B:A\) = 25: ¢i(N)B:M ;(\) + i di(N)B:N (),

ju=1 =1

5 1]
GO = 2 ciNGM(N) + 25 d:NGN(N),

fe=1 j=1

and these identities in conjunction with (10.1) would yield

(10.2) i aidiN) + zs:che()\) + gG(\) = 0,
=1 =1

which is the type of result we are seeking. Now the equations (10.1) are for-
tunately not independent. Indeed our Fundamental Principle (1.3) of Chap-
ter I yields
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GN;(\) + GM ja(N) = GM 112(N) + GN 115(0),
AiNj()\) + AiMj+1()\) = A"Mj.;.z()\) + A.'Nj-{-s()\)s
BiN;(\) + BiM j11(A) = BiM jya(N) + BiNjs(N), j=1--,5

Hence we have a total of at least five linearly independent solutions. If the
rank of the matrix of the coefficients in (10.1) is exactly 6, as it turns out to
be, we can solve for a properly chosen six of the unknowns in terms of the
other five. A particular solution may be found by assigning special numerical
values to these five. It is easy to calculate the coefficients in (10.1). In fact
the first of these equations may be written, after suppressing a factor
AA—1)(A—2), as follows:

(103) ()\ - 3)01 + b3+ by = 0.
Similarly, the first of the second group of equations(10.1) may be written
(10.4) AN=3a+a+a)+b+A—-3)A—4g=0

and the other eight equations may be obtained by advancing the subscripts
(mod 5) in (10.3) and (10.4). We seek a solution of these equations in which
(say) az=as=a4s=as=0 and g=1. Advancing the subscripts in (10.3) we find
immediately that b, =bs =b4 ="—by= —bs. Adding 1 to the subscripts of (10.4),
we get by=—A—3)(A—4), and (10.4) itself will now yield g;= —2(\ —4).
To recapitulate, we have found the following solution of equations
(10.1): a = —2()\—4), az=a3=a_4=as=0, b1=bs=b4=0—3)0\—4), by=bs
=—A—3)(A—4), g=1; and four other linearly independent solutions may
be found by advancing subscripts. Substituting the above values for the a’s,

b's, and g in (10.2) we get
(10.5) — 20 — 94:0) + (A = 3)(A — 49)[B1()) — Bo(A) + Bs(\)
' + Bid) — BsN)] +6G() = o.

Adding 4 (mod 5) to the subcripts, we get
=20 — D4s() + A = 3)(A — 9 [Bs() — B:(A) + B:(N)
+ Bs(\) — B«A)] +G(\) = 0.
Adding to (10.5) and dividing by 2, we finally obtain
- A =940 + 4]+ A =) — 9Bs(A) +G) =0,

from which (8.4) follows at once.

The fact that we have deduced (8.4) may seem to be inconsistent with the
heading of this section in which we refer to the proof of (8.4) by induction.
The heading was so chosen because of the fact that the central principle used

in the preceding argument is contained in Theorem I, §6, Chapter I, and this
was established previously by induction.
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The advantage of this method of deduction is that we see from the matrix
of coefficients of (10.1) that the five equations (8.4) comprise essentially all
relations of the type (10.2) which hold for any map M of the type under dis-
cussion.

11. Four-color reducibility of the five-ring surrounding more than a single
region. We show in this section that the relations (9.6), and hence the rela-
tions (8.4) from which they are derived, contain the known result that a
proper 5-ring sutrounding more than a single region on each side is 4c. reduci-
ble. The essential facts are formulated in the following Theorem I, the proof
of which is merely an adaptation of Birkhoff’s earlier work on the five-ring
(Birkhoff [1, pp. 120-122]). We first need the following lemmas, the first two
of which are obvious consequences of (9.6) and the last of which follows
equally obviously from (8.3).

LemMA 1. If Bi(4) >0, then either Bip1(4) >0 or A;2(4) >0, or both are
greater than 0. Likewise, if B;>0, either B;_1>0 or A;_2>0, or both are greater
than 0.

LEMMA 2. If A;>0, then either Biy2>0 or Ai_2>0, or both are greater than 0.
Likewtse, if A;>0, either B;_2>0 or A;2>0, or both are greater than 0.

LEMMA 3. If L;>0, at least one of the quantities A;, Biys, Bi_s is greater
than 0.

THEOREM 1. If all the L's are positive, one of the following three possibilities
must hold :

(I) A1=A,=A43=A4=A5=0, By=By=B3;=B;=Bs>0.

(II) A1=A2=A3 =A4 =A5>0, B1=Bz =Ba =B4=Bs=0.

(III) At least six of the A’s and B's are positive (N =4, throughout).

Proof. By Lemma 3 not all the A's and B’s can vanish. If all the 4’s are
zero, (9.6) shows immediately that B;=Bs= Bs=B,;= Bs. Likewise, if all the
B’s are zero, (9.6) shows that 41=A4,=A43;=A4,=A45. Hence, from now on we
make the hypothesis Hy that not all the A's are zero and that not all the B's are
zero.

There are two possible cases: Either (Case I) two adjacent B's, say B;
and B;41, are both positive, or (Case II) there is no pair of adjacent positive
B’s. We consider these two cases separately.

Case 1. We first prove the following subtheorem: If B;>0 and B;11>0,
then either Biya>0, or six of the A’s and B’s are positive, or both alternatives hold.

Proof of subtheorem. Without loss of generality we may take £=3, since
subscripts may always be advanced modulo 5. Since Bs>0 and B,>0, Lemma
1 shows that either Bs>0, in which case the subtheorem is true, or 4;>0.
Thus, we may now assume Bj;, By, A all greater than zero. Lemma 3 shows
also that at least one of the quantities 43, By, Bjs is positive. If B;>0, the sub-



1946} CHROMATIC POLYNOMIALS 429

theorem is true. If B;>0, then by Lemma 1 we have B; or 43>0 and Bj or
A4>0, which, together with Bs>0, Bs>0, 4:>0, B;>0, gives us six A’s and
B’s greater than zero.

Hence we may limit attention to the case when Bs, By, A1, 43 are all posi-
tive. But since 43>0, Lemma 2 shows that either B;>0 or 4;>0.

If B, >0, then either B or A, 1is greater than 0 by Lemma 1 and six of the
A’s and B's are positive, namely Bs, By, 41, 43, By, and either Bs or A4.

If A5>0, we so far have only five of the 4’s and B’s which we know to
be positive, namely Bs, By, 41, 43, 45. Lemma 3, however, tells us that at least
one of the quantities Bi, Bs, 44 must also be positive and thus the proof of
the subtheorem is complete.

We see, too, that under Case I (that is, B;>0, Bi;1>0) we must always
have six of the 4’s and B’s greater than zero. For, otherwise, the above sub-
theorem successively shows B;;2>0, B3>0, B;14>0. Thus all five of the
B’s are positive and, by hypothesis Hy, not all the A’s are zero. We thus arrive
at a contradiction and Case I is completely disposed of.

Case I1. To cover this case we introduce hypothesis Hy: There are no ad-
jacent B’s, both of which are positive. Notice that, under this hypothesis Hs,
Lemma 1 no longer offers us a pair of alternatives. If B;>0, as we may as-
sume without loss of generality by hypothesis Hj, both 4; and 4, are positive.
Also Lemma 2 shows us that 4, must be positive. For the fact that 4;>0
means either that Bs>0 (which is excluded by H;) or 4:>0. Thus we have B;,
Ay, As, As, all greater than 0. Moreover Lemma 3 shows that either B,, Bs, or
A5>0. Lemma 3 also shows that either By, Bs, or 4:>0. Two of these pos-
sibilities (namely, Bs>0, Bs>0) are excluded by hypothesis Hz, but this is of
no importance in reaching the now obvious conclusion that in Case II we
always have at least six of the A’s and B’s greater than zero. This completes
the proof of the theorem.

The 4c. reducibility of the proper 5-ring having more than a single region
on each side is an immediate corollary of this theorem. In fact, if the map P
of §7 were 4c. irreducible, Li*(4) >0 and L&(4)>0, i=1, 2, , 5, inas-
much as each of the ten maps referred to has fewer regions than P. If six of
the 4*'s and Bi*’s were positive, and if at least five of the 4°*’s and Bex's
were positive (as they must be by Theorem I), formula (7.1) shows that
P(4)>0. Hence the possibility (IIT) of Theorem I is ruled out for the map
M, It is similarly ruled out for the map Me=. It then becomes evident that
P(4) =0 only if possibility (I) holds for one of the maps, Mi* and Me= (say
M1»), and possibility (II) holds for the other. That is, if P is irreducible, we
are thus led to (say) = B3* = B§* = By = Bf* =0. But this would mean that
Me=could not be colored in four colors. This is a contradiction of our supposi-
tion that P was irreducible by reason of the fact that the ring surrounds more
than one region in P so that P has more regions than Me= or Mi», Hence P
can not be 4c. irreducible.
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12. Further consequences of the analysis of the 5-ring. It is possible to
obtain numerous results analogous to those of §6. In the first place, we remark
that the map K; may be regarded as more or less completely arbitrary. In
fact, any map of triple vertices containing at least one region with three or
more sides can be denoted by K. The other maps, M, K, - - -, K,
L,, - - -, Ls, are then obtained as follows: To get M, we select a region R of
K, having three or more sides. Let /; and J; be two boundary lines of R
abutting on a common vertex. We next draw a new boundary /s in R (see
dotted line in figure 28) sufficiently near I, and l;, so that the three lines

Fic. 28

L, b, Iy are three sides of a new pentagon Q with /; and I, opposite to /.. The
maps Ka, - - -+, K5, Ly, - - -, Ls are then obtained from M, as in §8, by
omitting various boundaries of Q.

The chromatic polynomials associated with the maps so obtained will then
be found to satisfy numerous inequalities which can be read off at once from
(8.6). Not only are the left members of these identities not less than 0 for
A=3,4,5, - -, but they are completely monotonic for A= 5, a fact whose
proof will be omitted on account of the close analogy with §6. Hence the right
members of (8.6) are non-negative for A=3 and 4 and are completely mono-
tonic for A = 5.

Finally, we have the following curious result:

THEOREM 1. If K, is 4c. irreducible, then none of the other K's are. Moreover

3K3(4) = 6Ly(4) = 2Ls(4),  3Ku(4) = 2Ls(4) = 6Ls(4),

Ky(4) = Li(4) + L«(4), K5(4) = Li(4) + Ls(4).
Proof. Since K;(4) =0, (8.2) shows that
(12.1) A1=A3=A4=Bl=0.

Equalities (9.6) then become (for A=4and t=1, 2, 3, 4)
(12.2) By = By, As+ Bs = Bs+ As, Bs= Bs, Bs= A,

It follows from (12.1) and (12.2) that By=Bs=As=a, say, and Bs=Bs=A4,
=@, say. Referring back to (8.2), we now have
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K:=A:4+ As+ As + B: = 2a + B,
Ks =43+ 45+ 41+ Bs = 2¢,
Ki=A444+ 4,1+ A2+ By = 26,
Ky=As+ As+ As+ Bs = a + 28;

(12.3)

L= A4+ Bs+ By = a+ 8,
Ly = A; + By + Bs = 36,

(12.4) L; = A3 + Bs + B = B,
Ly =A44+ By + B; = q,
L5=A5+Bg+33=3a.

Since K; is irreducible and L; has one region less than K, it follows that
L;>0 fori=1, 2, 3, 4, 5. Hence from (12.4) we have >0 and 8>0. This
result together with (12.3) shows that K;(4) >0 for =2, 3, 4, 5. The rest of
the theorem follows from the elimination - of @ and 8 from (12.3) and (12.4).

CHAPTER VI. PARTIAL ANALYSIS OF THE #-RING WITH SPECIAL
ATTENTION TO THE 6-RING AND 7-RING

1. The elementary maps and fundamental constrained polynomials enter-
ing into the theory of the n-ring. The thoroughgoing analogy between the re-
sults obtained for the 4-ring and those obtained for the 5-ring indicates the
possibility of formulating a general theory for the n-ring. Since a complete
formulation of such a general theory has so far eluded us, it seemed desirable
to make independent studies of the essentially simple 4-ring and 5-ring. Now,
however, it appears well to introduce our studies of the much more compli-
cated 6-ring and 7-ring by such general remarks as it is possible to make with
regard to the z-ring.

Our theory really concerns a class C, of marked(*) maps of triple vertices
and simply connected regions. Each map M, of the class C, contains an #-gon
marked Q, surrounded by an n-ring whose regions are marked Ry, Ry, - - -, R,
in the cyclic order in which they occur. This cyclic order is supposed to be
taken in the same sense for every map of the class. Two maps of class C, are
regarded as essentially the same if, and only if, they are topologically equiva-
lent and the continuous one-to-one transformation which establishes this
topological equivalence can be chosen in such a way that the regions marked
0. and R; in one map correspond respectively with the regions marked Q,
and R; in the other map (¢=1, 2, - - -, n). If they are not essentially the
same, they are essentially distinct.

The total number of regions in such a map M, can be any integer greater

() The work “marked” has a sense here quite different from its particular meaning in
Chapter III.
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than #-+1, but it can also be equal to n+1 or even less than #+1, inasmuch
as the ring Ry, - - - , R, need not be a proper ring, and, in particular, these n
regions are not necessarily distinct. If the map M, has no region (other
than Q,) which does not abut on Q,, it will have at most 41 distinct re-
gions and will be called an elementary map of the class C,. Let the number
of essentially distinct proper elementary maps of the class C, be denoted
by u(n). A glance at the previous chapter will show that u(4) =4, u(5)=10.
It can also be verified without much trouble that u(6) =34. But we have not
been able to deduce a formula for u(n) (%).

Let us consider four elementary maps ME, MY, MY, MLV satisfying the
following five conditions:

(1) In M., R; has contact with R; across a boundary with its end points
abutting on R;and R; ¢ <j<k<Il=mn).

(2) In MY, R;is identical with R;.

(3) In MU, R;has contact with R; across a boundary with its end points
abutting on R; and R;.

(4) In MY, R;is identical with R;.

(5) All contacts and identifications of the R’s other than those mentioned
above are the same for each of the four maps.

Fi16. 29

Then it is clear by the Fundamental Principle (1.3) of Chapter I that the
chromatic polynomials (either free or constrained) associated with the above
four elementary maps must satisfy the identity

(1.1) M) + M) = M) + M2 ().

Thus any free or constrained chromatic polynomial for one of these maps is
obtainable at once from the corresponding polynomials for the other three
by the linear relation (1.1), in which the coefficients are independent of the
nature of the constraints (so long as the R’s are actually required to be
colored). Hence four maps of this type will not be regarded as forming a set
of mutually independent maps. In general, a set of elementary maps among
whose constrained chromatic polynomials there are no linear relations (with

(#*) The number of elementary maps with n+4-1 regions is, however, known since Euler to
be 2#%.1-3-5 - - - 2n—5)/(n—1)\. Cf. Whitney [4, p. 211].
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coefficients not all zero), which are independent of the nature of the con-
straints (so long as each R is required to be colored), will be said to form a
“basic” set of mutually independent maps. A maximal basic set will be a basic
set S such that the constrained polynomial of every elementary map not in S
can be expressed linearly in terms of the corresponding polynomials for maps
in S, the coefficients being independent of the nature of the constraints. Evi-
dently, the number v(n) of elementary maps in a maximal basic set is inde-
pendent of the way in which the maximal set is chosen, inasmuch as »(n) is
merely the rank of a certain matrix with u(#) rows and a number of columns
equal to the number of types of constraint (in which each R is required to be
colored).

It is clear from (1.1) that v(z) must be less than u(n) for n=4. Again, a
glance at the preceding chapter shows that »(4) =3, »(5) =6, while it is also
possible to show that »(6) =15, »(7) =36. For the complete theory of the
n-ring it would be even more important to determine the function »(») than
the function u(#). It is hard to say which of these problems is more difficult.

Let us go back to the general marked map M, (not necessarily an ele-
mentary map) of the class C,. In any coloring of the ring, the regions
Ry, Ry, - - -, R, fall into a number of sets such that all regions of the same
set have the same color, but any two regions from different sets have distinct
colors. Two colorings of the ring belong to the same scheme if this division
into sets is the same for the two colorings. For instance, if the six regions
Ry, - - -, Rg of a six-ring are colored with the colors a, b, a, ¢, a, d respec-
tively, we would have the same scheme as if they were colored b, ¢, b, a, b, d
or x, ¥, x, %, ¥, w; but the coloring d, a, b, a, ¢, @ would belong to a different
scheme. Evidently a scheme is completely defined by the specification of one
of its colorings. This will be our practice in the tables of §§2 and 5 below. A
general formula for the number p(n) of distinct schemes may be obtained as
follows:

Let F.(\) equal the number of ways of coloring an #-ring in A colors. Then
from (3.4) of Chapter II, we have F,(\)=(A—1)"+(—1)*(A—1). Moreover
FFA) =mAA—=-1):-- - A=n+4+1)+mAA—=1) - - A=n+2)+ - - -
+mA(N—1), where m; equals the number of schemes involving exactly &
colors, so that

1.2) p(n) = X my, n=2
2
However, we know from the calculus of finite differences that
AFF,(0)
TRl

My

Also from the calculus of finite differences, we have for =2
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AMF,(\) = A*(A — 1)* = E (- 1):( )(x — 1+ k=™

Hence.
(k—j— 1~
-3 = (F)
Combining (1.2) and (1.3), we have
L. (k—j— 1)~
oln) = I:Z-zg( 1)< ) kl '

This double sum may be written in the following slightly more convenient
form:

o, RO

(1.4 p(n) = + X ———En— k) + (- )"E(n), =nz=4,
he=2

where

(1.5) E(m)—-i—-~+ R Sl mz 2.
2! m!

The first few of the E’s are listed here for convenience: E(2)=1/2, E(3)=1/3,
E(4)=3/8, E(5)=11/30, E(6) =53/144, E(7)=103/280, E(8)=2119/5760.
Using these values for the E’s, formula (1.4) yields p(4) =4, p(5)=11,
p(6) =41, p(7)=162, p(8) =715. For computational purposes it is, however,
much easier to find my=0, m1=0, ms, ms, - - - as successive remainders upon
dividing F,(\) by A, A\—1,A—2,A—3, - - - and then to find p(zn) from (1.2).

Let the various schemes be denoted by A1, 4s, - -+, A,(ny: Let 4;(\) de-
note the number of ways M,— Q. can be colored in \ colors so that the ring
surrounding Q, is colored according to the scheme A;. The A(\)’s are thus
constrained chromatic polynomials; moreover they form a complete set of
constrained polynomials in the sense that_an arbitrary constrained poly-
nomial P(\) for which the constraints are carried by no regions other than
Qn, Ry, * -+, Ra(®), but with each R required to be colored, may be expressed
in the form

p(n)

(1.6) PQ\) = 2 RWA:(N),

Sl
where the coefficients R;(A\) may be rational functions of A but are independ-
ent of the particular M, under consideration. For example, if P(A) is the free
chromatic polynomial for M,, then Ri(\) =\ —ai, where a; is the number of

() The free chromatic polynomial for M, may be regarded as a special case of a constrained
polynomial, for which the constraint-carrying regions form a vacuous set.
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colors in the scheme 4. Another obvious and important example is given by
the following identity:
(.7 A3 : AN, Gza)

. B3 = ) ’ = a;),

AMA-D - - AN—ai 1)
where AF(\) denotes the number of ways M,—Q, can be colored so that a
certain preassigned color (selected from the N\ colors) is assigned to each re-
gion in the ring, the whole ring being colored in the scheme 4;. We omit the
general proof of (1.6).
One of the primary objects is to discuss homogeneous linear identities of

the form

p(n)

(1.8) > w40 =0,
tm=]
where the coefficients a:(\) are the same for any map of the class C,. In par-
ticular, (1.8) would have to be satisfied .in the case of an elementary map of
the class C,. Let MP, M@, . .., M*™ denote the elementary maps .of
the class C, and let AP(\) denote the number of ways M® —Q, can be
colored in N colors according to the scheme 4; (k=1, 2, - .., u(n); 1=1,
2, - -+ +, p(n)). It follows that a system of admissible a(\)’s must satisfy
p(n) *)
(1'9) 2 a;(X)A.' (x) = Or k = lv 21 Sty ”(”)'
=1
These necessary conditions will next be shown to be sufficient. In fact, ac-
cording to §6 of Chapter I, there exist identities of the form,

(1.10) 400 = "ﬁ:” B4 M), i=1,2--,p(n),
k=1

where B:(\) depends upon the particular map M, under consideration, but
is independent of the nature of the constraints, that is, independent of 4.
Hence if (1.9) holds, we see from (1.10) that (1.8) must also hold. Hence in
order to find all relations of the form (1.8) we have merely to find all solu-
tions of equations (1.9), the a’s being the unknowns and the A®(\)’s the
known quantities(?).

The equations (1.9) are not linearly independent(?8). In fact the rank of
the matrix is not less than »(n) but on account of the fact that (1.6) holds for
any constrained polynomial P()), it follows that the rank of the matrix is
exactly v(n) and we can in fact limit attention to a maximal basic set of

(#") The A’s are very easily computed in any given case. It is, in fact, a priori evident
that A:(X) is either 0 or A(A—1) - - - (\—a4+1) according as M* can not be, or can be, colored
in the scheme A4;.

(28) We are here assuming that u(n) < p(n), which is true for small values of »# but has not
been proved for all #.
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elementary maps. If the notation has been chosen so that the first »(n) of
the M’s form such a maximal basic set, we need only consider the first »(n)
of equations (1.9). In this way we see that the number of linearly independent
relations of the form (1.8) is equal to p(n) —v(n).

2. The problem of expressing the constrained polynomials in terms of
free polynomials. In the application of the theory of the #-ring to the general
theory of free chromatic polynomials it would appear to be important to ex-
press the A(\)’s in terms of free chromatic polynomials. This is what was
done in the previous chapter for n=4 and #n=35 (cf. (2.3) and (8.6)). We
now discuss the possibility of doing this in the general case.

For convenience let us think of the region Q, of our marked map M, as
occupying a hemisphere, say the “northern” hemisphere, of a sphere, while
the rest of the map occupies the “southern” hemisphere. Moreover we can
assume that the vertices of Q, lie at equal intervals along the equator.

Let M}, - - -, M’™ be a maximal basic set of elementary maps for the
class C, of marked maps, while M,, as before, represents a generic member
of C,, either elementary or not. Corresponding to each M, we now define
maps K; (¢=1, 2, - - -, v(n)) as follows:

First reflect the configuration on the southern hemisphere of MY across
the equator. In other words, move each point of the southern hemisphere of
M through the interior of the sphere parallel to the polar axis until it
intersects the northern hemisphere. In this way we get a configuration M
in the northern hemisphere of a sphere ¢, while the southern hemisphere of ¢
is thought of as empty. Let Ry, - - - , R, be the regions in the northern hemis-
phere of ¢ which correspond respectively to the regions Ry, - + -+, Ra of the
map M. Second, take the configuration on the southern hemisphere of
the generic map M, and place it on the empty southern hemisphere of o,
being careful to make the region R; of the map M, have contact at the equa-
tor with R; but with no other of the R's (i=1, 2, - « -, n). Third, remove
the boundary at the equator so that R; and R; (for each i) form one region.
The resulting map on the sphere ¢ is the map K; previously alluded to.

If Ry, - - -, Rsis not a proper ring in the map M, the map K; may pos-
sibly turn out to be a pseudo-map or may have doubly connected regions.
Otherwise K; will be a proper map of triple vertices and simply connected re-
gions. We use K;(\) to denote the free chromatic polynomial associated with
K. It is obvious that

p(n)

2.1 K:\) = X eiid (), i=1,2---,9n),
i=1

where €;;=1 or 0 according as the map M® can or can not be colored in the

scheme 4 ;. We next would like to prove that the »(n) identities (2.1) are lin-

early independentin the sense that there exist no multipliers mi(A), - - -, m,(\),

not all zero, independent of M,, such that > :®m;\)K;(\) =0. This is true
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for n=4 and n=5, but we have not been able to prove it in the general
case. It must depend somehow on the fact that M, - - -, M™ form a
basic set. Indeed it is easy to see that, if the M did not form a basic
set in virtue of a situation like that described in connection with equality
(1.1), the Fundamental Principle (1.3) of Chapter I would yield an identity
of the type KX(\) 4K (\) =K (A) 4 K™ () for the four associated K-maps.
This gap in our theory is due to insufficient knowledge concerning the matrix
(€:;) in the general case.

We next consider p(n) —»(n), linearly independent, solutions of (1.9):

ai=a;j\);1=1,-- -, p(n);j=1, - - -, p(n) —v(n). Substituting in (1.8) we
obtain

p(n)
(2.2) 20 a:i(N4:Q) = 0, i=1,2--,p(n) — v(n).

=l
These p(n) —v(n) linearly independent equations taken with the »(n) equa-
tions (2.1) give us just the right number of equations to solve for the p(n)
unknowns 4;(A), - -+, 4, (N\), provided, of course, that we are correct in
believing that (2.1) and (2.2) yield p(n) independent equations. Since, how-
ever, p(n) is quite large for n =6, the practical difficulties in carrying out this
solution appear almost insuperable.

3. General linear relationships for the fundamental constrained poly-
nomials found by use of Kempe chains. As already explained, a complete
set of linear relations of the form (1.8) can always be found by obtaining a
complete solution of (1.9). The number »(%) of independent equations is, how-
ever, fairly large for n =6 and hence this process is apt to be rather involved.
We now explain how a large number of relations of the type (1.8) can be
written down at once. These relations form a complete set for n=4, n=>5,
n=6, and n=7; but we have not proved that they form a complete set for
n = 8. Our results in this connection are summarized in the following theorem:

THEOREM 1. Let the regions of the n-ring (n=4) be divided into 2k sets,
S1, Sz ¢ 0 0, Sex 22k =n/2), S: consisting of regions Ryq1, Rpitey * * * y Rpjyas
where the p's are arbitrary integers satisfying 0=p1<p2< - - - <pory1=n.

Now consider any scheme, A, say, for which the colors of the regions in the

sets S1, Ss, + -+, Sax_1are distinct from the colors of Sa, S4, - + + , Sax. Let A3 be
a particular coloring belonging to the scheme A o, the regions of S1, S, + -+ + , Sex—1
being colored in some or all of the two or more colors a, b, - - - and the regions

of Se, Sy, + + -, Sax being colored in some or all of the two or more colors c,d, - - -,
distinct from a, b, - - - . Let II; denote an arbitrary permutation of the colors
a,b, - - - and II; an arbitrary involutory permutation of ¢, d, - - - .

Let AY (i=1,2, - - -, 2¥2—1) denote the coloring of the ring obtained from
A3 by applying I, to the colors of the regions in Sy if, and only if, the lth digit
(from the right) in the binary expansion of 1is 1 (I=1,2, - - - , k—~2), the colors
of all other regions being left fixed. This definition is to be interpreted for k=2 in
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the sense that in this case the set of A*'s to be defined is vacuous.

Let Bf (1=0,1, 2, - - -, 2k2—1) denote the coloring of the ring obtained
from A by applying I to Sai—y and Il to Sax. Let Cff denote the coloring ob
tained from AY by applying Iy to Su_r. Let DY denote the coloring obtained
from A¥ by applying Il to Sax. Finally, let A, B;, Ci, D; respectively denote the
schemes to which the colorings A¥, BY, Cf, D¥ belong.

Then (after all this elaborate definition of the 2% schemes) our theorem simply
states that

= A:(N) Bi(\)
(3.1) g()‘()‘_l)"'o\—ai'i‘l) )\()\—-1)~~~()\—3i+1))
' _ ”‘E-( i) N Di(\)
SN =D =D x(x—1)---(x—a.-+1))’

where o, Bi, s, 0: denote respectively the number of colors in the schemes A;, B,
C.', D i

Proof. We make the temporary assumption that \ is an integer not less
than the number A* of colors, a, b, - - -, ¢, d, - - - already mentioned in the
statement of the theorem. Some of our A assigned colors we identify with
a, b, ---,cd, - and, if A\>N*, there will be also some additional colors,
e,f, - -,g h, . These\ colors are now divided into two complementary
sets, ¢ and ¥, where the set ¢ includes the colors a, b, - - - and perhaps some
additional colors, e, f, - - - and ¢ includes ¢, d, - - - and perhaps some addi-
tional colors g, &, - - - (2°). We next let A¥(Y), B¥(W), C¥W), DfW) de-
note respectively the number of ways of coloring M,— Q, so that the colorings

¥, BY, C¥, D} appear in the ring and so that the regions of S:x—2 and of
S:x are connected by a chain of regions (a y-chain) colored in the colors of Y.
We let A¥(¢, 1), B¢, 1), Cf (o, 1), Df(¢, }) denote respectively the number
of ways of coloring M.—Q, so that the colorings 4¢, Bf, Cf, Df appear
in the ring and so that the regions Sa:—_; are connected with the regions Szi41
(I=0,1, .- -, k—2) by a chain of regions (a ¢-chain) colored in the colors
of ¢, but so that Sy is not connected with Sesi1 for £<I by a ¢-chain.
Finally we let Af(\), B¥(\), C¥(N\), Df(\) denote respectively the total
number of ways of coloring M,—Q, so that the colorings 4¥, Bf, Cf, Df

appear in the ring. Then it is evident that
k—2
AT = ATW) + T AT, D, BION) = BiW) + X Bi(#, D),
I=0 1

(3.2)
CiN) = Ci) + X Ci¢, D), DiQ) =DiW)+ ;D‘:‘@». D,
l

(#°) As far as the needs of the proof are concerned, all the additional colors could be lumped
into one or the other of the sets ¢ or ¢. We have chosen the more general viewpoint for aesthetic
reasons.
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since, in any coloring of M,—(Q, of the types considered, either Ss:—s is con-
nected with Sz;, by a y-chain or Sz is connected with at least one of the
sets S, Ss, + -+, Sax—s by a ¢-chain. Moreover, in the former case we can
perform an arbitrary permutation of the colors of ¢ on one side of the y-chain
while holding all colors fast on the other side. In the latter case we can per-
form a permutation of the colors of Y on one side of the ¢-chain while holding
all colors fast on the other side. From these considerations a detailed study
shows that

*w) =ct ;= L
(3.3) At(lb) C' (¢)$ 1 01 11 21 1) 2 1'
Bi(¥) = Di(¥);
* L]
(3.4) Ai(¢r l) = Df(¢rl)»

Br(d’vl)——-c’:(‘ﬁ»l)v l=0,1,21"':k_2»

where j is obtained from ¢ by interchanging 0 and 1 in the last / digits of the
binary expansion of <. In this connection it is assumed that both 7 and j have
just exactly k—2 digits by prefixing, if necessary, a sufficient number of 0’s.
It is clear that as 7 ranges ovyer all values from 0 to 2¥-2—1 (with [ fixed), the
same is true of j. Hence, on summing (3.4) with respect to Z, we get

2k—2—1

6.9 T AG)=2D@h  LBEGD) =)
=0 Tm0 ) i

Summing (3.5) with respect to / and (3. 3) with respect to ¢ and combining

the four results by addition, we get

2t-1-1

> [A?(¢) + gAI‘(«ﬁ, D) + Bi) + Zl: Bi (¢, l)]

$=0

-3 [c?(@ + 3 clle,h + D) + 3 Dl z)].

3

This tast equation is now simplified with the help of (3.2). We thus have
(3.6) X 4I) + Bi] = X [ef» + Di -

Finally we eliminate the 4*'s, B*'s, C*'s and D*'s from (3.6) by relations of
the type (1.7) and thus obtain (3.1).

We have now proved (3.1) for integral values of A=A*. But since (3.1),
after being cleared of fractions, is an equality between two polynomials, it
follows immediately that (3.1) must hold identically, so that the theorem has
finally been completely proved.

This theorem takes care of the cases n=4 and » =35 completely, and very
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cheaply, by taking k=2. Special cases of (3.1) with £=2 have occurred sev-
eral times in the preceding chapter (cf. (2.2), (8.4), and (9.6) of Chapter V).
To get a complete set of linear relations for the cases =6 and » =7 we need
to use (3.1) with 2=3 and again with k=2.

There are undoubtedly still other theorems like Theorem I, but whether
they wduld actually give linear relations independent of the ones given by
Theorem I is not known. The number of relations that can be written down
by this one theorem is enormous. This is due to the arbitrariness in the choice
of k, in the choice of the sets S1, S, - + -, Sex, in the choice of 4o, and finally
in the choice of II; and II,. In this connection it is not without interest to
remark that for =2, II; (as well as II;) need not be involutory. This is of no
significance if N is not greater than 4.

4. Linear inequalities. The methods of the previous section also lead to
certain results, which apparently can not be obtained by the methods of
§§1-2. Our theory must be regarded as incomplete until it is shown how these
results fit in with the considerations of these earlier sections.

Taking £=0in (3.2) we write

—2
(4.1) 4o(\) = 40(¥) + lZoA:(d’. D,-

while from (3.3) we obtain

(4.2) A3(¥) = Co @) S Cr (N,

and from (3.4) we obtain

A5($, 1) = Duca(9, D) < Daa(N.
Summing this last inequality with respect to I/, we get
=2 =
(4.3) > 40($, 1) £ 2 Dua(N).
1=0 1=0
Combining (4.1), (4.2), and (4.3) we find that
B2
(4.4) 400 SO+ X Daa(,
1=0
which can also be written in the following equivalent form:
Ao(N) < Co(N)
AMA=1D - QA—a+ ) AA—D - A=70+1)
n "Z‘f Diay(N)
= AMA—=1) - A =38+ 1)

(4.5)

where j(I)=2!'—1.
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It is to be noted that (4.5), unlike (3.1), has been established only for
positive integral values of A. Furthermore, for k=2, (4.5) yields no informa-
tion not already contained in (3.1), inasmuch as the equality

4(0) Bo(N)
MA—1D - OA—at+ D) AA—1) - A—Bo+ 1)
~ 0 D(N)
A=) A —v+D) AA=D A =S+ D)

(in which the terms on both sides of the equality are non-negative) clearly
implies that

Ao(N) < Co(™)
M=1) - A—a+1) AA=1) - A—70+ 1)

Do()
MA=1)---A—=3+1)
But for k=3, (4.5) contains information that is essentially new.

5. Fundamental linear relations for the six-ring. In applying the results of

the preceding sections to the 6-ring, we define the various schemes for the
6-ring by means of the following table:

+

R; Rin Rije Riys Ripa Riys
A a b a b a b
B; c a b - a b a
C: b a c b c a
D a b c a b c
E; b a c a a a
F; b a c b d a
G d a b a b c
H; c a b d b a
I; c a b d a b
Ji a b c d e b
K; b a c b d e
L a b c d e f
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Here the letters a, b, - - -, f are used to indicate distinct colors. The integral
index ¢ is to be taken modulo 6. It is easily seen that C;=Ciys, Ei=EFEi;as,
H;=H;.3; I;=1I:3, K;=K;,;. Hence there is one 4, there are six B'’s, three
C’s, one D, two E’s, six F's, six G’s, three H's, three I's, six J's, three K's,
and one L, making a total of 41 distinct schemes in accordance with the value
of p(6) given in §1.

In accordance with the theorem of §3, it is possible to write down the fol-
lowing relations:

(5.1) (A= 3)[A =24 — Bi— B+ Bi— Bs] +G1 + G — Hi = 0,
(5.2) M\ —3)[Bi—Ci] — E1+F, =0,
(5.3) F:+F—Gs— I, =0,
(5.4 A=3)[D-C]+H —-1,=0,
(5.9 A=3)A =B+ - 4[— E.— H]+J.=0,
(5.6) AN=D[-F1+G)—Js+Ki=0,

5.7 A=30—-"DHDA-=-550—-A—-HA—-5H;— A —=5K,+ L =0.

Other relations may be found from these seven by advancing the subscripts
modulo 6. It is left to the reader to show that in this way it is possible to
obtain exactly 26 linearly independent relations.

Equations (5.1) to (5.6) can be solved for 4, the F's, G's, H's, J’s, K’s,
and L in terms of the other fifteen quantities, B’s, C’s, D, E's, I's. We then get

u(u+1)A=u[zo:B;—i:C;—D]—2[E1+E,]+Z':I.-,

=1 =1 =l

F; = u[— B; + C:] + E;,

Gi = u|— Biy2 — Biys + Ci + Ciga]| + E1 + Es — Iipn,
(5.8) H; = u[C; — D]+ I,

Ji=u(u—1)[—B;+Ci— D]+ (u— 1)[E; + Ii],

Ki = u(u — 1)[~ D] + (u — 1) [Lisa + L],

L=u(u—1)(u—2)[—2D]+ (u— 1)(u— 2)[ i}l{],
where # =\—3.

In order to express our fundamental constrained polynomials in terms of

free polynomials, we proceed to form twelve maps, Zi, Y1, ¥, V3, Vi, Vs, Vs,

X1, Xa, X3, W1, W2 by the erasure of certain boundaries of Q as indicated in
the following table:
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Map Boundaries of Q to be erased

Z L
Y licyy lia
X Liy liys

Wi li+1, li—-ly li+3

Here I; denotes the boundary between R; and Q. We must also form three
other maps V3, Vi, V3. To form V; we divide Q into two regions by drawing
a new boundary joining the vertex (Q, Rij1, Riy2) with the vertex (Q, Ri_y,
R;_,) and then erasing l;1, liye, liig, Lia.

By drawing figures representing these fifteen maps the reader can verify
quite readily that the free chromatic polynomials for these maps may be ex-
pressed in terms of the forty-one constrained polynomials, 4, By, By, - - -, L
as follows:

Zy=B1+ E1+Fs+Fe+Gi+G:+H,+ 1
+Nh+Ts+Ji+JTs+ Ke+ K + L,
Yi=Bits+ Ci+Fi+ Giys + Gipa + Hi + T4,
X;=Ci+D+Fi+Fius+ Lipn+ Lia+ Ky
W:= A+ B; + Biys + Bi—2 + E,,
Vi=A4+ B:+ Biys + C: + Ha.

These are equations (2.1) specialized for the case n=6. If in (5.9) we insert
the values of 4, F;, G;, H;, J;, K; and L as given by (5.8), we obtain fifteen
linear equations which could presumably be solved for the fifteen unknowns
(six B’s, three C's, one D, two E's, three I's) in terms of Zi, Vi, X;, W, V.
We have not carried through this solution on account of the large amount
of work involved in the evaluation of fifteenth order determinants whose ele-
ments are polynomials in \. If there is some essential short cut to the solu-
tion, we have not discovered it.

6. The four-color reducibility of four pentagons surrounding a boundary.
It is well known (Birkhoff [1]) that any map which contains a boundary line
separating two pentagons and having its end points on two other pentagons
is 4c. reducible. We shall show that this result does not depend essentially
upon chain theory. Nevertheless chain theory gives much more complete in-
formation about certain questions which arise in connection with this con-
figuration.

We may evidently assume that our map M contains no proper rings of
fewer than six regions except for the five-rings surrounding pentagons. The
configuration consisting of the four pentagons will then be surrounded by a

5.9
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proper 6-ring (Ry, Rs, Rs, R4, Rs, Rs). Let the subscripts be chosen so that Ry
has a boundary in common with just one of the four “interior” pentagons.
The same will then also be true of R4, but each of the other regions in the
6-ring will touch two pentagons. The first thing to be noted is that the ring
and its interior can be colored in each of the following schemes for the ring
(cf. §5 for notation): B, Bs, Bs, Bs, C1, Cs, C3, F1, Fy, G1, Gs, Gs, Gs, Hy, Hy,
Hy(%). In accordance with the previous notation, we also use 4, By, Bs, and
so on, to denote the number of ways the ring and its exterior can be colored
in A =4 colors in the corresponding schemes 4, B,, B,, and so on. Hence if M
can not be colored in 4 colors, we must have

By=B3=By=Bs=Ci=Co=C3 =F,=F, =G, =G,
=G4=Gs=H1=H2=Hs=0.

From these values for sixteen of our fundamental constrained polynomials
(for A=4), we see what can be deduced with the help of (5.1), (5.2), (5.3),
and (5.4).

From Bi+Fi=G+E: (cf. (5.2)), we obtain By=E, From B;+F;
= Cy+E,, we get Fy=E,. Our calculation can be reduced by considerations
of symmetry, which yield the following: By=Es=E;, Fs=E3;=E,, Fs=Es= E,,
F¢=Eg=E,. All these results may be summarized as follows:

(6.1)

By, = E, = F3 = Fs = a, say;
B4=E2=F2=Fo=ﬁ, say.
From F.+ F;=Ge+1, (cf. (5.3)) we obtain a4+8=Gs+1I; and (by symmetry)
a+B=Gs+1I,. From F3+ Fy=G,+1I, we obtain a=1I, and (by symmetry)

B=1I;=1,, a=1I; This shows among other things that & =g, so that (6.2) can
be revised as follows:

Bi=Bi=E =E;=F,=F3=Fy=F=I,=1
=G+ 1)/2 =G+ 11)/2 = a.
This result combined with (5.1) and (6.1) shows immediately that
(6.4) A =0.

But we can not, by this method, prove that « also vanishes. The best we can
do, using (5.4), is to show that, in addition to (6.3), we can write I; =G3;=Gjg
=a. This will also satisfy all the equations obtained from (5.1) by advancing
the subscripts. Using, however, an inequality of the type indicated by (4.5),
for example,

(6.5) 0 < B1 = By + Hi + Gy,

(6.2)

(6.3)

(3) On account of the symmetry of the configuration it is only necessary to test the stated
fact for-the schemes Bs, Ci, Cs, F1, G1, Hy, Hs. It can also be verified that the ring and its in-
terior can not be colored in any scheme other than the sixteen schemes listed above.
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we see immediately from (6.1) that & = B; must vanish. Hence, also, by (6.3),
all the other quantities B,, E;, E,, and so on, must vanish. This is obviously
quite sufficient to show the four-color reducibility of our configuration. The
original proof of Birkhoff likewise uses implicitly an inequality like (6.5) and
hence is connected with the rather strong statement that a=0. Nevertheless
the 4c. reducibility of our configuration can also be proved from the weaker result
embodied in (6.4), which, since it does not depend upon inequalities like (6.5),
is not essentially dependent on the theory of the Kempe chains. To prove the
italicized statement the reader may verify that the number of ways of color-
ing the map V, (cf. §5) in 4 colors is equal to

A+ B+ By + C: + H,

(cf. last of equations (5.9) with ¢=2), which by (6.1) and (6.4) is equal to
zero. The 4c. reducibility follows at once from the fact that the map V, has
fewer regions (namely, 6 fewer) than M.

7. Further consequences of the partial analysis of the six-ring. We now
consider some miscellaneous results concerning a 4c. irreducible map M which
contains a hexagon Q surrounded by a (necessarily proper) 6-ring (Ry, Rs, Rs,
R4, R, Rs). The map Z; is formed by omitting the boundary /; between R;
and Q. For =1, this agrees with the previous definition of Z,, and evidently
the first of equations (5.9) is valid under cyclical advancement of the sub-
scripts. In any coloring of M —Q in four colors, it is clear that all four colors
must appear in the 6-ring about Q; otherwise the whole map M could be col-
ored. Hence, in this irreducible case, we have A = B;=C; =D =0. Since we are
now dealing exclusively with A =4, we also have J;=K;=L =0. Hence equa-
tions (5.9) reduce to

Zi=E;+ Fips+ Fiys + Gi + Gin + Hi + I,
Yi=F;+Giys + Giya + H,,

(7.1) Xi=Fi+Fis+ Iiya+ I,
W; = E;,
Vi= Hi.

Likewise equations (5.8) reduce to

2(Ey+ Es) = In+ I, + I,

(7.2) F; = E,,
' Gi = (By+ Ej) — Iy,
H; =1,

Remembering that E;;s=E; and that H;,3=H;, we can easily eliminate the
E;, F;, G;, H;, and I; between (7.1) and (7.2); the results are
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L) 21
Z;=3(W:+ V), D Zi=21(W1+ Wy = Y (Vi Ve + V),

tml

s 11
Yi=W;+ 2V, DYi=1UWi+ Ws) = —(Vi+ Vit Vi),
(7.3) vt 2

Xi=3(W1+ W) — V, .
X1+ X+ Xs=TW,+ W) =”2-(V1+V2+Vx).

Noting also that W;,,=W;and V;;3=V;, we can obtain the following curious
relations, some of which are special cases of theorems proved in the previous
chapter:

Zi+ 21 =Ziys + Zigs, Vid Vi =Yigs+ Vige,
2(Z3 - Zl) = 3(Y3 e Yl) = 6(X1 - Xa),
Z1 - Z4 = 3(Y1 e Y4).

8. Fundamental linear relations for the 7-ring. We define the various
schemes for the 7-ring by means of the following table:

R; Riy1 | Riyz | Rivs | Rits | Rips | Rige gg.i(r’lf lfzi(l)llé
A a b c b c b c 3
B; a c a b c a b 3
C: a b a b c a ¢ 3
D; a b a c d a b 4
E; a b a b c a d 4
Fi a d a c b a b 4
Gi a b a d b a c 4
H; a c a b d a b 4
I; a b c b d c d 4
Ji a b ¢ d b c d 4
K; a b c d c b d 4
L; a b c d c d b 4
M; a b c d b d c 4
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Ri | R | Rive | Rus | Rira | Rirs | Rise g'g.i?lffi?'llé
N a b a ¢ a a e 5
O; c a b d e b a 5
P d ¢ a a b c 5
o ¢ ¢ d a b e b 5
R b a ¢ b d e a 5 o
Si b a c d b e a 5
T; ¢ a b d e a b s
U | ¢ ¢ d b a e b 5
Vs b a c d e f a 6
W; ¢’ b a e f o d 6
X a b c d e f P ;

The integral index ¢ is to be taken modulo 7. Since 7 is a prime, it is evident
that there are seven A’s, seven B's, - - -, seven W’s, and one X, making a
total of 162 distinct schemes in accordance with the value of p(7) given in §1.
Using the Theorem of §3, we write down the following:

Ay +Fe+ Ks+ Is=uds + Dy +Ls+Js (u=x-—23),
Ay + Es+ Me+ Iy = uA7 + Dy + Lo + Ju,
#4B1+ G2+ Ls + Er = uAs + J1+ D7+ L,
#B1+ H71+ L¢ + F2 = uAy+ J1 + D2 + L,
uC1+ G2+ D1+ K¢ = uAs + Iy + E7; + M,
uC1+ Hy+ D2+ M3 = uAy+ I, + F2 + Ks;

8.1

uB1+ Hs = uBs + G,
uCy + Fy = uCy + E,,
(8.2) E,+ Ky =G+ Is,
Fi+ Ms=H,+ 1,
Kit+Jri= M1+ Jy;

(®) There is no possibility of confusing the scheme R; with the region R,.
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Ni+(A—4)\—3)Bi=—4)[G: + Hy],
Ni+AN—=4)Is=(\—4)F.+ S,,
Ni+(N—4)Is= (N—4)E, + Ry,
01+()\"'4)Is ()\"4)M4+Q31
O1+MN—4Ie= (N —4)Ks + Qs

P+ (N—4\—3)Cs = (\—4)[Es + L],

(8.3)
Pi+ (N—4)(A — 3)Co = (\ — 4)[Fs + L.],
T:+ N—4Ks= (A —4)Js+ 04,
Ti4+ON— M=\ — 4T+ 0y,
U+ AN =L =0+ (A — 4)J,,
Ui+ N—=4)Jo=Te+ N — 4)Jy,
U+ N=4)J:=Ts+ N — 4)Jy;
Vi+ (A= 5A—49Ks= (A — 5)[Ri + 04],
.40 Vi+ (= S)A — HMi= (A — 5)[S1 + 04],

Wi+ A= 5\ —4)Ks= (A — 5)[Us + 04],
Wi+ =50\ —4M.= A —5)[U,+ 0:];

X+A=6A=5A=HM.= A —6)(A — 501 + (A — )W,

(8.5) X+MA—6)A=5AN—4)Ks=\—6)A— 50+ (\ — 6)We.

In connection with these equations it is to be emphasized that the subscripts
may be advanced modulo 7. We have thus exhibited a total of 203 relations
of the type indicated in (3.1) for the case of the 7-ring. The number of inde-
pendent relations is, however, theoretically only 126. No attempt has been
made to investigate the presence of 126 linearly independent relations among
the 203 written down above. It is possible that our list of relations should
be lengthened still more. It appears, however, from our subsequent investiga-
tion of a reducibility theorem due to Franklin that, so far as A =4 is concerned,
our list is virtually complete.

Our 162 fundamental constrained polynomials can presumably (after a
stupendous algebraic calculation) be expressed in terms of the free polyno-
mials for the 36 maps PB;, Q. Ri, &;, Ts, and U; (=1, 2, - - -, 7) charac-
terized as follows:

In PB; the regions R, R;4s, Ri are identical; that is, they are connected
interior to the (necessarily improper) 7-ring.

In D., i1 and R;_; are identical, and R;;; and R;_, are identical.

In Rs, Riy1 and Riy; are identical, and R;_; and R;_; are identical.
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In &, Riy1 and R, are identical and touch R;;; and R;_s.

In E;, Riy2 and R;_; are identical and touch R;.

In U, R; touches R;+2 and Riys.

Before carrying out the computation referred to above, it would, of course,
first be necessary to express B;(N), Q:(\), + - - in terms of 4;(A\), Bi(\), - - -.
In illustration of these relations we give only the following, which we shall
use in the next section:

(8.6) Qu=As+ 44+ B1+B:+ D1 +G:+ Hi + Ks+ M+ O1.

9. The four-color reducibility of three pentagons touching a boundary of
a hexagon. It is well known (Franklin [1]) that any map which containsa
boundary line separating a hexagon and a pentagon and having its end points
on two other pentagons is 4c. reducible. We shall give a proof of this theorem,
which, depending upon equalities like (3.1) rather than inequalities like (4.5),
is essentially independent of the Kempe chain theory.

We may evidently assume that our map M contains no proper rings of
fewer than six regions except for the 5-rings surrounding pentagons. The con-
figuration consisting of the hexagon and three pentagons will then be sur-
rounded by a proper 7-ring (R, R, - - -+, Ry). Let the subscripts be chosen
so that R; touches the hexagon but does not touch any of the three pentagons.
Using the notation of §8, it can be verified that the ring and its interior can
be colored in each of the following schemes for the ring: A4, A5, Ci, Cs, Cs, Cs,
Ci1, Dy, Dy, Es, E,, Fy, Fy, Go, Gs, Hyy Hy, I, I, Iy, I, I, L; (=1, 2, 3,4,5,6,7),
K, K, K3, Kg, K7, My, Ma, My, Mg, M7(*%). In accordance with the previous
notation, we also use 4, B;, and so on, to denote the number of ways the ring
and its exterior can be colored in A =4 colors in the corresponding schemes
A;, B;, and so on. Hence, if the map M can not be colored in 4 colors, we must
have

A4=A5=C1=C2=C3=C6=C7=D4=D5=EI=E2
=F1=F7=02=G5=H4=H7=Il=I3=I4=I5=Ie
=L;=Ki=K;,=K:=Ks=Ky=M,=Ms =M,
=M¢=M,;=0.

A detailed calculation based on (8.1), (8.2) and (9.1) shows that B;=C,
=Cs=E3=FEy=Ey=Fy=Fy=Fe=G1=Gs=Gy=H,=Hy=Hs=I,=I;=J;
=K;=Kg=M;=M; but that the common value of these quantities is not

necessarily zero. It is also found simultaneously that all the other quantities
are zero. That is, we may now write

.1)

(*2) On account of the symmetry of the configuration it is only necessary to test the stated
fact for the schemes A4, Cl, C:, Cz, Dq, El. Ez, Gz, Gs, Ix, Ia, IA, Ll, L:, La, Lq, K;, Kg, K:, Ks, K-,.
It can also be verified that the ring and its interior can not be colored in any scheme other than
the 39 schemes listed above.
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A.~=Bz=Ba=B4=Bs=Bg=B7=C1=Cz=Ca=Co=C7
=Di=E1=E2=EQ=E7=F1=F2=F3=F7=G2=G5

9.2) =Ge=Gr=Hy=Hs=Hi=H1=L=L1=I1,=Is=1Is
=Ki=Ky=Ks=Ks=Ks=Li=Mi= M= M,
= M¢= M,=0.

Substituting these values in (8.6) we have £;=0(*%). In other words, the
map £ which has fewer regions (namely, 6 fewer) than M can not be colored
in four colors. Hence M is not 4c. irreducible.
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